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Fur a number of years the Amerioaa MathciDatical Society has 
held a Colloquium in conneotion with its Summer Meeting at in- 
tervals of two or three years. In the circular sent out prior to the 
first Colloquium, in 1896, the purpose and the plan of the under- 
taking were described as follows:' "The objects now attained 
by the Summer Meeting are two-fold ; an opportunity is offered 
for presenting before discriminating and interested auditors the 
results of research tn special fields, and personal acquaintance and 
mutual helpfulness are promoted among the members in attend- 
ance. These two are the prime objects of such a gathering. It 
is believed however that a third no less desirable result lies within 
reach. From the coacise, unrelated papers presented at any 
meeting only few derive substantial benefit. The mind of the 
hearer is too unprepared, the impression ia of too short duration 
to produce accurate knowledge of either the content or the method. 
. . . Positive and exact knowledge, scientific knowledge, is rarely 
increased in these short and stimulating sessions. 

"On the other hand, the courses of lectures in our best univer- 
sities, even with topics changing at intervals of a few weeks, do 
give exact knowledge and furnish a substantial basis for reading 
and investigation. . . . 

> <y. B»a. Am. Math. Son., ur. 2, vol. 3 (1896), p. 49. 
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vm PREFACE. 

"To extend the time of a lecture to two bonra, and to multiply 
this time by three or hy ax, would be practicable withia the limits 
of one week. An expert lecturer could present, in six two-hour 
lectures, a moderately extensive chapter in some one branch of 
mathematics. With some new matter, much that is old could be 
mingled, including for example digests of recent or too much 
neglected publications. There would be time for some elementary 
detuls as well as for more profound discussions. In short, lectures 
could be made profitable to all who have a general knowledge of 
the higher mathematics." 

As a forerunner of the CoUoquia here outlined may be men- 
tioned the Evanston Colloquium of 1893, which followed the 
Congress of Mathematics held in connection with the World's 
Fair in Chicago, Professor Kl^n, of Gottingen, being the sole 
speaker. But whereas that Colloquium covered, in a descriptive 
manner, a variety of topics, — it oomprised twelve lectures, — 
the CoUoquia of the Society have been characterized by close con- 
tact with the actual analytical development of the topic treated. 

The following CoUoquia have been held : 



I. The Buffalo Colloqijium, 1896. 

(a) Professor Maxime B6cheb, of Harvard University : " Lin- 

ear Differential Equations, and Their Applications." 
This Colloquium has not been published, but several papers 
appeared at about the time of the Colloquium, in which the 
author dealt with topics treated in the lectures.* 

(b) Professor Jambs Piebpont, of Yale University : " Galois's 

Theory of Equations." 

This Colloquium was published in the Annah of Maihe- 
malica, ser. 2, vols. 1 and 2 (1900). 

*Two ot IhcTC ptpera were: " Itejnilar Pointt of Unear Difierential Equi- 
tions of the Second Order"; Harrard Univenitj, 1896 ; "Notion Some Points 
in th« Theory of Linear Differential Equations," AmtdU of Malk., vol 12, 1898. 



b Google 



PREFACE. m 

II. The CAHBRiitGE CuixoQuiuu, 1898. 

(a) Professor William F. Osgood, of Harvard University: 

" Selected Topics in the Theory of Functions." 
This coUoqaium was published in the BuUetin of the 
Amer. Math. Soc., eer. 2, vol. 5 (1898), p. 69. 

(b) Professor Arthur G. Webster, of Clark University : "The 

Partial Differential Equations of Wave Propagation." 

III. The Ithaca Colloqdiuh, 1901. 

(a) ProfessorOscARBoLZAjof the University of Chicago: "The 
Simplest Type of Problems in the Calculus of Variations." 
Published in amplified form under the title : Lectures on 
the Calculus of Varvilacmx, Chicago, 1904. 

(A) Professor Ebneht W. Bbown, of Haverford College : " Mod- 
em Methods of Treating Dynamical Problems, and in Par- 
ticular the Problem of Three Bodies." 

IV. The Boston Colloquium, 1903. 

(a) Professor Henry 8. White, of Northwestern University : 
three lectures on " Linear Systems of Curves on Algebraic 
Surfeoes." 

(6) Professor Frederick S. Woods, of the Massachusetts Institute 
of Technology : three lectures on "Forms of Non-Euclidean 
Space." 

(c) Professor Edward B. Van Vleck, of Wesleyan University ; 

six lectures on " Selected Topics in the Theory of Divei^nt 
Series and Continned Fractions." 
This colloquium is here published in full. 

At Commencement, 1903, Professor John Monroe Van Vleck, 
M.A., LL.D., completed his fiftieth year of service at Wesleyan 
University, and retired shortly after from the chair of Mathematics 
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and AetroDomy. All three of the speakers at the Boeton Collo- 
quium were former students of his, one of them being his son 
and colleague in the department of mathematics. It is fitting that 
this volume of lectures held at that Colloquinm be inscribed to him. 

Thomas S. Fiske, 
WiLUAH F. Osgood, 

CommHtee on Publuxition, 
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LINEAR SYSTEMS OF CURVES OX ALGEBRAIC 
SURFACES. 

By henry S. white. 
Chapter 1. 
Transition from Plane Curves to Surfacrs. 
The notion of equivaleDceae formulated in projective geometry 
has simplified greatly the atady of algebraic carves and surfaces, 
particularly those of low order. The next step toward a wider 
survey is the admission of all biratiooal transformations of the 
plane, or of spaoe of three or more dimensions. In the plane, the 
theory of Cremona transformations is do longer new, and the 
elemMits are &miliar to all students of geometry. Not so, how- 
ever, in apace of more than two dimensions ; probably for the 
reason that nothing is known analogous to the theorem that a 
phtne Cremona transformation is resolvable into a succession of 
quadric transformations and colli neations. And even in plane 
geometry the intricacies of the transformations themselves have 
kept most students from the matter of higher importance, the 
properties of figures that remain invariant under all transforma- 
tions of the group. Yet there does exist a body of doctrine under 
the accepted title of " Geometry on an algebraic curve," and a 
fair b^inning has been made upon a similar theory, the " Geometry 
on an algebraic surface." * These titles are intended to cover 

'CohbuIi, for an oatline of the geometrj upon &n Bl^brs[c curve, Pssc&l'e 
Reperlorium der koheren MaihemtUik, Part II, ChspUr V, I A; or the more 
extended articles: C. Before, " Introduzione alia geomelria sopra un ente 
algebrico aemplicemente infinilo"; E. Bertint, " Ia geometric delle aerie 
linear! sopra una curra piana Becondo il melodo atgebrico," — both in Annali 
di JUalemalKo, ner. 2, vol. 22 (1894). For the corresponding theories regard- 
ing surfaces, the best reference ia to the comprehenuTe Hummary by Cast«l- 
nuoTo and Enriqaea : "Siir quelques r^cents r&iulCa(a dana la thtorie dea 
■urfacea algfbriquea," Malh. AnnaUn, Vol. 4S {1896). Supplementar/ reeultH 
are Bummarized in a later paper bj the same authors : " Sopra alcune qiieslioni 
fnndamentali nella teorin delle auperficie algtbriche," Aanaii di mrOemaliei para 
ed applieala, aer. 3, rol. 6 (1901). 

1 1 
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2 THE BOSTON COLLOQUIUM. 

only such properties of a curve or surface as appertain to the 
eutire class of curves or surfaces that can be related bJnitioaally 
to the fundameDtal form. 

A plane algebraic curve may have its order changed by a Cre- 
mona trnnsformation, but not its deficiency (genre, Geacblecht), 
As to sets of iMtints on the curve, two sets which together make 
up a complete intersection of a second curve with the first do not 
lose that property by birational transformation, if we exclude 
from consideration fundamental points introdnoed by the transfor- 
mation itself.* Mutually residual sets of points, and corresidual 
sets, preserve their relation. Heuce the group of seta of pointa 
corresidual with any given act becomes of importance. If a given 
set of i> points lies on a cur\'e of deficiency p, and if a corresidual 
set can be found containing it arbitrary points, then these numbers 
are connected by the relation constituting the Riemann-Roch 
theorem 

where f is zero if i^ > 2/) — 2. 

The totality of all sets of D points oorreddual to any one set is 
termed a group or smes, and is denoted by a symbol g^. Such a 
series is called compleie. If by any algebraic restrictions a series 
is separated out from it, of course that would be called incomplete 
or partial. For example, on a plane nodal cubic a series gl is 
cut out by all strught lines, incomplete because any three arbi- 
trary points of the curve are corresidual to any other three. 
Every series ^j can be cut out upon the fundamental curve by a 
linear system of auxiliary curves whose equation may be written, 
with A parameters : 

/; + l^F^ + l^F^+ ... + l^F^ _ 0. 

As on a single curve sets of pointa, so in a plane, linear systems 
of cur^'es are studied. By every birational transformation, linear 

*0r it we employ no taziliary curvet except such u ue adjoint to that cod- 
taining the point setB. 
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LINEAR SYSTEMS OF CURVES. 3 

systems are carried over ioto linear systems. A complete linear 
system is defined most easily by specifying the multiplicity tbat a 
curve of the system must have in each point of a fundamental set 
and by pi-escribing the order of the curves. Thus ("',^::;) can in- 
dicate that in a^ every curve is to have a multiple point of order 
at least «„ etc. If the base points alone, with their respective 
multiplicities, determine a system under consideration, that system 
is termed complete. If the base points actually impose, for curves 
of order m, fewer conditions than would be expected from their 
several multiplicities, the system is special; otherwise it is regu- 
lar. It is an important theorem that no set of r base points can 
be so located as to produce an (r + l)tb variable multiple point 
on the curves of the system; i. e., the multiple points of the 
generic curve of a plane linear system lie all in the base pointa of 
the system. 

Adjoiid curves of a linear system are &mi]iar to the student 
of function theory ; they have in every multiple point of order a 
for the given system a multiplicity of order at least a— 1. The 
adjoints of order lower by 3 than the original system are important 
from the fact that they transform always into the corresponding 
system of adjoints to t^e transformed curves. Oo this account 
the term adjoint, as used ordinarily, implies a curve of order 
m — 3 unless differently speciBed, Second adjotnig are adjoint to 
adjoints of the system, etc. The employment of successive adjoint 
systems as a means of investigation is due to S. Kantor and to G. 
Castelnuovo, the latter acknowledging the priority of the former.* 
On every curve its adjoints cut out a unique complete series s^lti 
called the canonical seriee. The deficiency of the first or second 
adjointe of a linear system is denoted by i*, or P^ and may be 
termed first, or second, canonical deficiency. Aside from the 
canonical series upon curves of a system, the most important are 
the cAoractmgfie acnes of the system, that is the totality of sets of 
points in which two curves of the system intersect. If a plane 
linear system is complete, then the cfiaraderUtia series on each 

"See Math. Atmaim, vol. 44 (1894), p. 127. 
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4 THE BOSTON COLLOQUIUM. 

curve is a oompleU aertea upon that curve. So far the deftuitions 
and propositioDB refer to curves in a plane ; the qneetion ia in 
order whether they can be transferred to systems of curves lying 
upon curved surfaces. 

First, it is noticed that by means of a linear system of curves 
the plane may be related point for point to a surface in space of 
three or more dimensions.* If the system is it-fold infinite, k+ 2 
membera of the system can be related arbitrarily to it + 2 hyper- 
planes in space of it-dimenBions. Take k^^S for ease ; then a 
curve of the system 

"i/i + "2/2 + V) +^J,~o 

may be assigned to a plane (u, : '() : u, : u^) in ordinary space. 
Curves through one point become then planes through one point, 
and the oo' points of the plane become the 00* points of some 
algebraic surface F. All such surfaces are called rational. Simi- 
larly a linear family of curves triply infinite upon any surface 
relate that surface point for point to another surface in threefold 
space, linear systems of curves in one giving rise to linear systems 
upon the other, and the tratixfoniied m/gUm. wUl lack/undametUal err 
baae pointa. The value of such projectively related pictures of a 
linear system of curves was first emphasized by C, Segre. 

Secondly, there are sur&ces not rational. For example, there 
are irrational ruled surfaces. But for many purposes, ruled sur- 
faces and rational surfaces are classed together and constitute, with 
their equivalents, a small, indeed an exceptional, class in the vast 
field of algebraic surfaces. Planes are also regidar mirfacex, that 
is, they have their geometrical and numerical (or arithmetical) 
deficiencies equal, as will be explained directly. On r^ular sur- 
&ces, most of the theorems upon linear systems of curves on 
rational surfaces retain their validity ; not so on the irregular. 
New characters crop out in the systems of curves, characters which 
indicate the nature of the surface. But the liuearity of a system 

* Exceptional casea are ditcuised by Enriqaes : " Ricerche di geometria Bulle 
superficie algebriche," Torino Manork, ser. 2, vol. 44 (1893}, p. 17S. 
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LINEAR SYSTEMS OF CURVES. 5 

of curves ia still susceptible of precise defiDition, aod that in two 
ways whose equivalence constitutes an important theorem. 

If on any surface, rational or not, there exists a system of 
curves doubly iniiDite, such that two arbitrary points determine 
one and only one curve coataining them, that may be termed a 
linear net upon the surface in question ; and Enriques proves that 
the 00* curves of such a system can be projedivelif related to the 
straight lines of a plane. If the series is oo', and if three arbi- 
trary points determine uniquely a curve of the system which shall 
contain them, then its curves are referable projectively to the 
planes of three-space, etc. Only gtmpty infinite systems escape 
this far-reaching theorem, and thus ^ve rise to a most interesting 
unsettled question, indicated by Castelnuovo.* 

Definitions of residual and corresidual curves upon a surface 
are those which any one conld formulate at once from the use of 
these terms for seta of points upon a curve ; their significance 
upon a twisted curve is the same as upon its plane projection. 
So of complete systems, both of curves and of surfaces, the latter 
admitting of course mnltiple curves as well as base points. For 
a surface of order m, the adjoints invariantJvely related are of 
order m — 4, containing as (« — l)-fold curve every «-foId curve 
of the given sur&ce. If these first adjoint surfaces form a it-fold 
infinite linear system, the number k is an invariant of the sur&ce 
and is termed its geometric d^unency (p ). Attempting lo express 
this number in terms of the order m of the sur&ce, the order d 
and deficiency i: of its double curve (if any), and of the number 
t of triple points on this double curve, one would find a second 
number 

p__ = |(m - 1) (m - 2) (m - 3) - d (m — 4) + 2( + ff - 1, 

called the numerical defideney of the surface. This number also 
is an invariant of the surface, as Noether first proved, and may 

*Cut«lnaoTO : " Alcunl ruulteti sai Eiatemi lioeui di curve apparten«Dti tA 
una enperficie algebrics." Manorit di ptotemUiea e di fidea deUs SoeUUl Ilaiiana 
ddU Seiaat, eer. 3, toL 10 (189d), pp. 82-102. See especially the close of his 
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6 THE BOSTON COLLOQUTTM. 

be fiihti- rqual to or leaf than p^, but nerer greater. Rational 
Bnrfaccs have p^^p^ — 0; niled sarfaces have p^ active. If 
p^ K p^, then the above-mentioned theorem of Enriques concern- 
ing linearity holds true al«o for systems which are only simply 
infinite. Sur&ces of the first adjoint system cut out upon a given 
sarface a system of curves, each of defidency />'" or leas. This 
invariant number />'" we may call the cnnrmieal deficieftey of tbe 
surfaoe ; the curves form an unique complete linear system, just 
as do the point sets of the canonical series on a plane curve. 

The definitions here given are but a part of those found useful 
in this &8cinating branch of geometry. The true way to learn 
something of the subject is not to master first all its definitioDS 
and distinctions, but to study tbe proofs of eame few leading 
theorems. Such are Enriques's proof of tbe eqaivalenoe of two 
geometrical definitions of the linearity of a system (mmtioned 
above), and the following less elementary propoutions : 

1. Surfaces whose plane or hyperplsne sections are irreducible 
anicursat carves are either ruled or rational (Xoetber).* 

2. So also surfaces whose plane or hyperplane sections are irre- 
ducible elliptic curves (Castelnuovo),! or hyperelliptic of any de- 
ficiency n {Enriquea).t For plane sections, not hyperelliptic, of 
deficiency ir > 2, the corresponding theorem is not yet folly 
known. § Tbe proof of this theorem I shall ^ve in full. 

3. Upon any algebraic surface fix, y, z,t)'^0 k linear diffei^ 
ential of first kind is said to exist (Picard), if an expression in- 
volving four rational functions P^, P„ P^ P^ of the coordinates : 

is finite and determinate, independent of the path of int^ratioD, 

"Noether'H theorem b more genera!. See Jfai4. Ainaien, vol. 3 (1B71) : 
" Ueb«r Flichen, welche Scbaaren ntionaler Curren beeiuen." 

t "Sulle Buperficie algebriche," etc., Linai Rendieonli, January, ISM. 

t "SuisiUemilinwri," etc, Maih. Annalen, vol. 46(1S95}, pp. 179-199. 

{ For fall iDfortuation, see the second paper, cited above, of CasIeliiuoTO and 
EariquM. I r^^UiM thu p*per had not coraetom; notice before^Tingtheae 



Dicized by Google 



LLNEAR SYSTEMB OF CURVES. 7 

when taken upou the surface between any two arbitrary points. 
If the sarface /^ is a oone, such differentials exist, for they 
are the abelian differentials of first kind upon its plane sections. 
Picard proves* that if the surface /= have no multiple points 
or curves, then no such differential can exist upon it. There are 
however surfaces of all orders above the third which contain (or 
admit) one such integral ; others, from the sixth order upward, 
which admit two, and so on. These surfaces and the mode of dis- 
covering them and of defining them have been the occasion of 
some of the most interesting studies of Picard and Humbert. The 
elementary part of Picard's first paper upon this topic I shall ^ve 
ID some detail, indicating in conclusion certain points that might 
prove worthy of further study. 

Chapter 2. 

Linear Syatans of Curves on an Algebraic Surface. Tlie Tu-o 

Geometric Definitions are Concordant. 

In plane geometry a linear system of algebraic curves is defined 

analytically by an equation containing linearly and homogeneously 

two or more parameters ; as for example : 

the X's being parameters, and the ^'s a set of polynomials homo- 
geneous of like degree in the current coordinates. This is called 
a «-fold infinite (oo") linear system. As we restrict our field to 
include only systems defined by fixed base points, the curves 
^,=1 must be supposed all to contain the base points of the 
system. In a plane such a system may be studied by means of 
its equation, but for other surfaces one must either assume an 
analytic representation as definition, or else take such geometric 
features of a plane linear system aa seem most important and 
transfer them to sets of curves on surfaces in general. SVe follow 

• Picard et Simart: Thlorie <ka fonetioat algSni^aa de dmr varhiblea indipen- 
danlti, vol. 1 (1897), pp. 11&-120. 
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8 THE BOSTON COLLOQUIUM. 

the latter plan, and two definitions naturally present themselves. 

First, unog an aoxiliaiy hyper-space of as many dimensionet as 
the 8y8t«m of curves exhibits, an oo' system of curves on an alge- 
braic surface ia called linear if it^ elements (the individual curves) 
can be put iu correspondence ODe>to-one, projectively, with the 
hyper-planes of a space of r dimensions, 8^. 

Second, using no auxiliary outside the points of the sur&ce 
itself, an oo' system of cur\'e8 on an algebrwc snrface ia called 
linear if through r generic points of (hat surface there passes one 
and only one curve of the system. This definition is to be used 
only when r > 1. For if r — 1, the generators of a ruled sur- 
face would fall under this definition, and one sees immediately 
the impropriety of calling them a linear system. 

Notice that a system linear under the first definition must also 
be linear under the second. For by relating curves to hyper- 
planes we relate the algebraic surface .f to a new surface F' in 
>S'^, as explained in the preceding chapter; and through r points 
on F' there will pass one hyperplane, hence through r points in 
F there will pass one curve of the system and no more. The 
first definition therefore includes the second ; docs the second 
include the first? We shall show that it does, so that the two 
definitions shall be proven equivalent for all cases except r a= ], 
that is, for all except linear sheaves or pencils. The proof is 
essentially that of Enriques • as presented by Segre.f 

Two lemmas may well precede the theorem. 

Lemma 1 . Project'itity of two flat gpacva. Two flat spaces of n 
dimensions, 8^ and S[, can be projectively related by assigning 
ta any n -f- 2 generic hyperplanes or 6',_,'8 of the first any n -|- 2 
generic 8'^_^6 of the second, one to one, as corresponding forms. 
The proof is by mathematical induction ; to gain a clear idea of it, 
state it for points instead of hyperplanes, and model the transition 
from S^ and S'^ to .S'__^, and 8[_^,^ upon von Staudt's J transition 

'Enriques: "I'm quralionr suIU linearUil dei siolenii di curve ft|>p«rtenenti 
ad uoa Buperficie algebrica." Kome, Linfn Rtndictmti, Jul;, 1KI3. 
fSegre: Loe. cit. in Annali ili Mnlnanlim, set. 2, vol, 22, J 27. 
X Ton SiBudt : Otametrit iltr Layt, \i. 69. 
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from Sj to Sy In S^ take an; 5 points A, B, C, D, E, sacb that 
DO four lie in a plane, aad in 8', simil&rly A', B' , C, D' , E", like 
letters denoting correBponding points. Id the plane CD'E' or 
5j call P' the point of intersection with the line A'B', and in CDE 
or 5, let P be on the line AB. As P and P must oorreapond, 
this gives 4 points in S^ corresponding to 4 fixed points of S'^, and 
therefore by hypothesis fixes the projectlvity between the two 
planes. The pencil of rays in 8^ through P corresponds projec- 
tively to that through f in the other plane, 8'^. If now Q 
denotes any poiot of 8^, to find its corresponding point Q' in 8'^ 
let Q be project«d from A and from B into two points j4, and B^ 
of the plane 5j. These are collinear with P, and we can find their 
corresponding points A[ and B[ collinear with P' in SJ, and so, 
by using A' and B' as centers of projection, the point Q' desired. 
Points on the line AB itself have their corresponding points fixed 
by the assignment of 3 points A, B, P to the points A', B', P' 
respectively in the line A'B'. 

Lemma 2. In an x>* algebraic system of irreducible curves 
upon an algebraic surface, if the system is linear according to the 
second definition, then the points of the surface form sets of n (some 
finite numlwr), such that if a curve of the system contains ODe 
point of any set it must necessarily contain also the other n — 1 
points of that set. 

The proof rests on the algebraic characters of the system. Call 
the system ( C) and any curve of the system C^. Select any point 
A, of the surface. It does not determine a curve. Let C, and Cj 
be any two irreducible curves through Ay They intersect in 
n — 1 other points A^ A^, ■ ■ ■, A^, (n = 1). Since two of these 
points, e. g,, Aj and A^ lie on two curves, they must lie on an 
infinity of curves ; i. e., it will require at least one additional point 
to determine a single curve from among those that contain both A^ 
and Ay If P is a generic point not on all curves that contain A^, 
then by hypothesis the two points A^ and P determine one curve, 
which shall be denoted by C,. Also among the curves that coo- 
tain A^ and A^, at least one will contain the additional point P. 
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This can be none other tbaa C^ heuce the curve which ia deter- 
mined by A^ and the generic point P will contain also A^. By 
parity of reasoning it must contain as well A^ ■ ■ ■, A^. But as P 
was any point, C, was any curve through A^, consequently every 
curve of (C) that contains an arbitrary point ^, must contain also 
n — 1 other determinate points, as asserted by the lemma. 

The principal theorem can now be proven if two facts are estab- 
lished. First the theorem should be found to subsist for the 
particular case r — 2, so that the base may be provided for a 
mathematical induction. Then, secondly, the mode of induction 
employed in Lemma 1 must be shown to be applicable to a sys- 
tem of curves conforming to the second definition. 

Particular Theorem. A dovbly infirdU algAraic synfem of 
irreduabit algebraic curree upon any algebraic surface can be 
brought into a one-to-one rdation with the ay^em of aU lines in a 
plane by assigning to four arbitrarily chosen curves of the system 
(no thret through one point), four arbitrarily chosen lines of the 
plane (no three through otw point), ax corresponding lines, and by 
requiring further that to curves having a common point shall cor- 
respond lines with a point in common. 

To prove this, associate every set of m points, such as the 
Ajf A„ • ■ ; A^, of Lemma 2, tt^ther as one element A. Then 
there is upon the sur&ce an oo* system of C'a and a second system 
of A's related thus : Two generic C'b determine one A and two 
jI's determine one C. Now these are precisely the incidence rela- 
tions upon which depends the familiar proof that four lines of one 
plane and four of another determine a projectivity of the two sys- 
tems of lines; here the lines and points of the one plane are 
replaced by elements C and A. The requisite of continuity is 
provided for by tlie hyixithesis that the system is of algebraic 
character. Therefore the lines of a plane and the curves of the 
system (C) stand in a one to one relation, as asserted by the 
theorem. This relation is called projective, meaning that it is 
independent of the particular four pairs, line and curve, that may 
be selected to determine the correspondence. Otherwise stated : 
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If the lines of two plaoes are related in the mode above described 
to the curves of a system, the planes are thereby projectively 
related to each other. 

A3 to the second matter, it is needful to show that the elements 
used as auxiliaries in Lemma 1 have unique analogues in a sys- 
tem, triply infinite, of curves conforming to the second definition. 
What were called points there have become curves here, hence 
the lines and planes must be replaced by k>' and oq' systems 
of curves. We need only examiue, accordingly, whether the 
postulate : a line and a plane intersect in one point, retains its 
validity. Let a " line " be given by two curves, a " plane " by 
three; or to adhere more closely to the definition, consider an 8^ 
given by two points, a and b, and an 8, consisting of all the 
curves of the so* system S^ that pass through a third point c. 
Then will >Sj and 8^ have in common one and only one curve. 
For in the 8^ there is an 8'^ containing the point a ; in this 8'^ 
there is one curve C that contains the points b and c (and by the 
explanations of the above theorem we see that it must contain all 
the intersections of any two curves fixing theS,). As containing 
a and b it lies in S, ; as containing c it lies in S^, and as contain- 
ing these three arbitrary points it is by the definition unique. 
Therefore, all the constructions of Lemma 1 have their unique 
analogues in the system 8^. 

We conclude that the transition from an oo' system to one oo* 
is possible, and that for r=> 3 the first and second definitions 
are equivalent. Mutatie mvianclia, the inductiou fromr=m to 
r = m+'i can be made by similar means. Recapitulating we 
have therefore the theorem : 

An x'algebraic system of irreducible aigdyraic earvea upon any 
aigdrraic surface is linear if ^iher (i) iU elements can be pvi in a 
one-to-one correspondence, projectively, with the hyperplanes of an 
r-fold space ; or {S) if through r generic poinis of the surface there 
passes one and only one curve of the system. For r'> 1 these two 
defining properOea can be inferred, each from the other. 
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Chapter 3. 
Surfaces whose Plane Sections are ffypa'ellipfio Curves. 

Plane curves of any deficieacy above 1 may be hypyerelliptic, 
and those of deficiency 2 are necessarily so. The specific feature 
of an hyperelliptic plane curve of order n ia this, that its adjoint 
curves of order n — 3, its " ^-curves," arrange its points in pairs. 
That is, if a <^-curve contains any one point P of a hyperelliptic 
ourve C, it will of necessity contain a second determinate point 
^ of C; then P and § form what iscalledacon/wyofe pair; each 
is the conjugate point of the other. It is well known that a 0- 
curve can be found which shall contain p — 1 arbitrary points 
of C, where p denotes the deficiency of the curve C. These facts 
lead to interesting conclusions about any linear system of hyper- 
elliptic curves in a plane, or in any rational surface. 

In a plane, a linear system of hyperelliptic curves may be of 
the first or second kind. In a system of the first kind, a curve 
passing through any one point is not thereby necessitated to pass 
through a determinate second point; in a system of the second 
kind this compulsion does exist, and all curves of the system that 
contain a point P contain also Q, its conjugate point. Of the 
second kind, for example, is a certain family of plane sextics hav- 
ing double points in seven common points of three cubics : 0, = 0, 
0j Bi 0, ^, = 0. The equation 

11 ^it* A = (i, i - 1 , 2, 3) 
gives a linear system of sextica, the C.,^ being arbitrary. Outside 
of the seven base points, let any point P be on both cubics : 

^, — and 0, — 0. 
Their ninth intersection, Q, is determined by the eighth, a familiar 
theorem ; and sextics of the system which pass through P, being 
given by the equation (according to Noether's theorem) 

must contain also the remaining intersection Q o£ 4>^^0 and 
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4i^ => 0. Notice that <f>„ <f>^ ^g are adjoint 0'b of all sextics of tbe 
system, bo that Q is the conjugate point of P on every sextic that 
contains them. 

We mention systems of this second kind, only in order to ex- 
clude them from further discusoion here. Let (JT) be an co* system 
of the first kind of hyperelUptic plane curves H^, H^ etc., of order 
n, and let (i^) be the system of adjoint curves of order n — 3, i. e., 
let the curves i^„ 4>„ ■■■ have as (i — l)-fold points the I'-fold base 
points of the system (if). Consider any point P of the plane. 
Its conjugate Q on any curve J!f of the system must lie, by defini- 
tion, upon every 0-carve containing P. Since Q is a variable 
point, its locus must needs form a part of every ^curve through 
P, and Uiese ^urves accordingly must be dc^nerate. By parity 
of argument every ^urve must consist of (p — 1) distinct parts 
where p is the common deficiency of curve H, and each part must 
inteisect every curve H in only two points, a conjugate pair, out- 
side the multiple base points of the system {H). For an example 
of this, let the system (TT) consist of all curves of order n having 
in a fixed point O a multiple point of order n — 2. Any ^nrve 
must have in O an {n — 3)-fold point, and is itself of order n — 3, 
therefore it will consist of n — 3 right lines through O. Every 
constituent right line has with any curve H n — ^ intersections 
in 0, and two outside that point; tbe latter two are conjugate points 
on the curve, which is consequently hyperelliptic. Another ex- 
ample, with tbe ^'s compounded of conies, is the system of curves 
of order 2m + 3 with four fixed multiple points of order m + 1. 
The fact that for these plane systems the points conjugate to a 
given point fill out a definite locus is the thing to which we shall 
wish to recur. 

In space of three dimensions, let a surface F have all its plane 
sections hyperelliptic curves (C) of deficiency p. Can these be 
represented by a system of curves all in one plane ? Is the sur- 
face F rational, i. e., transformable into a plane, point-for-point, 
rationally ? This question again may be approached by tbe aid 
of conjugate pairs of points. We should expect of course that 
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analc^ues of Curves would be, io space, i^urfaces, and that 
those that pass through a point P on any curve of the system 
would contain its conjugate Q; and further, that all points Q 
conjugate to P would lie on some determinate curve of the sur- 
face. This last supposition can be established by redtictio ad 
abaurdum. 

The surface F and its plane sections (C) are algebraic Each 
curve C containing a selected point P has, by hypothesis, one par- 
ticular point Q conjugate to P. Therefore the ^s on the <x* 
curves through P must suit one of tlie following three descriptions, 

(a) They may be finite in number, Q„ Q„ • • • Q^. But then 
every plane section of the surface through P would need to con- 
tain the line PQ„ or PQ„ ■ ■ ■ , or PQ^. This is absurd. 

(&) The 0*6 may be simply infinite, oo' in number, filling one 
or more algebraic curves on the surface, or lastly — 

(c) The ^s may fill all the ao* points of the surface F. We 
shall reject this after showing that in this case the surface must 
be rational ; t. e., rationally and reversibly transformable into a 
plane, whereas on the contrary, in a plane or any other rational 
surface the Q'a must be only a simple infinity, oo'. 

Suppose, therefore, that eveiy point Q of the surface is conju- 
gate to a given P upon some one or more curves of the system. 
It cannot be so upon all plane sections through the secant PQ, for 
then must every point of any plane section be conjugate to P on 
that section, contrary to the hyperelliptic hypothesis. Through 
every ray PQ there lie then a finite number r of planes in which 
P and Q are conjugate. Any one of these determines all the othets, 
for P and the plane through P Gx Q, and the rest follow. Now 
auch a grouping of the planes through P into sets of r planes, each 
set being determined by any oae of its planes, is called an involu- 
tion. Castelnuovo * proves the remarkable theorem, that every 
involviion of Ute planes ahout a point in apaoe of three dimensions 
M ratioiud ; i. c its groups can be correlated univocally and 
reversibly to the points of a plane, each group to one point. 

* JWiifA. Annalea, toI. 44 (1894), pp. laVl-V"). 
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Thus through the involution every point Q of the surface can be 
related to some one point of an auxiliary plane, and vice versa. 
Bat if the surface F be transformed algebraically and univooalty 
into a plane, then its plane sections will be transformed into a 
linear system of hyperelliptic curves in that plane, conjugate 
points going into conjugate poiuts : whereas we have seen that in 
a plane the conjugates Q of P do not fill the whole plane, but 
only an co' locus. Supposition (c) is thus dismissed, and (b) alone 
is tenable. 

We have then as a starting point this tact, that for a generic 
point P of the surface there is a definite curve p containing all its 
conjugates Q on the curvea of the system (C) ; and this curve j> 
can meet each curve (each plane) only onoe outside the point P 
itself. If then p is of order <, it must have in P an (a — l)-fold 
point. It must also be a plane curve ; for a plane can be passed 
through P and two arbitrary points of p, and will contain 
«— -1 +1 + 1 — 8 + 1 points of a curve of order a, hence must 
contain the entire curve p. This curve p can he ahotim to be eUher 
a straight line or a conic. 

If p is not a line or a conic, its order g must be at least 3, 
whence it must have in P a double point (2 = 8— 1) or multi- 
plicity of higher order. As js is a plane curve, this means that 
its plane is tangent in P to the surface F; and so that every line 
joining P to a conjugate Q is a tangent in P to the surface, and 
by symmetry of the relation between P and Q, tangent also to F 
in Q. This is not possible unless either the curve p is a curve of 
plane contact (so that P would be an exceptional point of F), ot 
else the curve p consists wholly of stra^ht lines through P. Thb 
alternative it equally impossible, as no ruled surface has through 
every point three or more generators. Therefore the hypothesis 
8^3 leads to absurdity ; and we have to examine the two possi- 
ble cases : 8 = 1 and s =■ 2. 

« = 1. If p IB a straight line, it does not contain P, since 
8—1=0. To P is associated one generator p of the ruled sur- 
face F, and conversely, to every point Qof p must be associated 
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the generator q passing through P. F is then a rvled aur/aee, of 
hyperetliptic eectioD, with its generators arranged in pairs cutting 
oonjugate points in every plane. 

»'=2. If p is a conic, three cases can be distinguished. First, 
to every point Q on p may beloug a conic q containing P but 
different from p, and these may be in themselves complete plane 
sectioas of the surface, If this were so, the surface would be a 
quadric. But the conies may not be complete plane sections of 
the Bur&ce, and this posahility it is convenient to divide into two 
parts, as follows : Secondly, the q^a may be conies distinct from 
the p'e. The suHace F will contain in this second case a doubly 
infinite aydem of decompoaable <rr reducible plane aeolione. Or 
thirdly (the only case not trivial), the conic q, while its corre- 
sponding point § describes the conic p, may continually coincide 
with p. There is then only a simple infinity of conies (p) upon 
the surface. To show that this system is a rational sheaf, con- 
sider its section by an arbitrary plane : on the hyperelliptic section 
curve each conic p cuts two conjugate points P and Q, and either 
P or Q determines p completely, hence the system (p) is in one- 
to-one relation with the series of pairs of conjugate points upon a 
hyperelliptic plane curve — a linear series, and must therefore be 
rational.* Now these three alternatives lead to a single conclu- 
sion, through the application of well known theorems. 

First if the surface F were quadric, it would be rational ; but 
then it would be discussed as a surface with all its plane sections 
rational.f For the second case we adduce Kronecker's theorem % 

* Indeed these planes form the developable of a twiated cubic curve, since no 
one of them counlB twice ; Cagt«tnuovo shows that the immediate generalization 
of this remark liolds tor hypenpace. 

tSee paper hj E. Picnrd : "Sur les surfacee alg^briqneg dont touies les sec- 
tions planes tODl unicarsales," Crdiet Journal vol. 100 (1S8G); and s correlated 
paper of E. H. Moore : " Algebraic surfaces of which every plane section is uni- 
cursal in the light of n-dimensional geometry," Ama: Jovr. of Math., vol. 10 
(1888), p. 17. 

I See the historical note and demonstration by Castelnuovo. "Sulle snperficie 
algebHche che ammettono tin sislema doppiamente inGnito di seztoni piane 
riduttibili," Lincti Sendiwitii, January, 1894. 
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that a eurfaee having a double infinity of pfane seetions that are de- 
composable curves is either a Steinei-'s quartic surface or a ruled 
surface. — Steiaer's "Boman Surface" is the quartic having three 
double lines through a triple point, and is rational, since it can be 
projected from its triple point npon a plane. The third case is 
decided by Noether's theorem * that a surface containing a rational 
system of rational curves is raitonal. 

The GOQolueion can be condensed now into the form : Ei'ery 
algebraic surface whose pfajie sections are hypereUiptie curves of 
deficiency 3 or more is either (1) a ruled surface or (2) a rational 
surface, and in the latter (dtemative it contains a rational sheaf of 
conies. This latt«r phrase obviously rejects two of the alterna- 
tives of the preceding paragraph, and this is warranted by the 
rationality of the surface, the representative system of plane curves 
being therefore the criterion. For we recall that in a linear 
system of plane hyperelliptics the ^curves and (^-curves discussed 
above are component parts of the degenerate ^-curves, and a p 
coincides with all its g's. 

This highly general theorem allows us to study upon plane systems 
the geometry upon an extensive family of surfaces in space and in 
hyperspace as well, since the existence of a triply infinite linear 
system of hyperelliptic curves in a surface is equivalent to the 
hypothesis that we have used concerning plane sections in ordi- 
nary space. And for linear systems of the first kind in a plane 
reduced types have been found by Castelnuovo,t from which all 
others are derived by Cremona transformations. It remains to 
develop to the same extent the theory of systems of the second 
kind. This would demand an acquaintance with the work of 
Bertini on plane involutions of index 2, andof Clebsoh and Noether 
on rational double planet. 

An extension in another direction has been given by Castel- 

t M. Noethet : " tJeber FlicheD, welche Schuren rationaler Curven besitWD," 
JUoM. Annalm, vol. 3 (1S71), pp. 173-1. The theorem is more geDerU than 
that here ciled. 

*"Sulleeuperficie algebriche le cul sezioni piane Bono curve i|ierel)Utiche." 
Paknao Btndieojili, yol. 4 (1890), pp. 73-88. 
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nuovo,* who discassed under only one specializing restriction tbe 
aurfeces whoee plane sections are of deficiency 3. These are of 
four kinds, so &ras namerated, and not all rational. f In tooking 
for other possible ezten^ona, it should be remembered that there 
are other classes of highly specialized curves, differing from the 
hyperelliptic in the d^ree of the singular series of special groups 
which occurs upon them. Of such classes, individual curves have 
received some study, but linear systems little or none. 



Chaptee 4. 

JUnear Exact Differentials of the First Kind on an Algebraic 
Sarfaee. 
§ 1, The ExiOeiuje of Ivi^rah on Given Surfaces. 
WHB*f the theory of integrals upon algebraic curves was ex- 
tended to surfaces, the first step was the discussion of double 
integrals. These have been described already (Chapter 1), and 
attention has been called to two important numbers, characteristic 
of a surface, to which they give rise, the geometrical and the numer- 
ical deficiency. Every surface above the lowest orders possesses 
double integrals of the first kind, everywhere finite, unless its 
singularities have become too numerous. The increase of singular 
points and lines causes a diminution of tbe geometrical deficiency, 
p . Double int^rals and their classificatioD were introduced by 
Clebsch and Noether about 1870. Fifteen years later a different 
and even more interesting extension of cur\'e theory to surfaces 
was made by Picard.} The new iut^rals that he introduced 
are simple int^rals whose path of integration is restricted to 

* "Snlle Buperficie Blgebriche le cui sezioni aouo curve di genere 3." Torino 
Atti, vol. 25 (1890). 

t If the surface U of order abore the /ourtA, with plane sections all of defidency 
3, it is rational. See Cagtelnnovo and Enriquea "Sopm alcune qaestiooi ton- 
damentali nella leoria delle auperficte algebricbe," Annali di JUaUmaUca, ser. 
3, vol. 8.(1901), eap. Sec V, il8- 

{ "Sur les int^gralea de diSSreatiellea lotalesalg^bHqawdepreiniSreeBp^e," 
Jour, demalh., aer. 4, vol. 1 (188S). 
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lie it) the surface, wbile the integrala are further required to be 
functions of their limit points alone, not of the particular path of 
integration. The number of linearly independent, everywhere 
finite, integrals of this kind is a new invariant charactenBtic of 
the surface; and it is found that this number ia zero when the 
sur&ce is non-singular, but increases (according to a law not pre- 
cisely known) with the multiplication of singularities. This is 
the theory of which I propose now to give a sketch, following 
very closely Picard's article cited above.* 
Upon an algebraic surface 

a linear differential expression in dx, dy, dz can be reduced by the 
use of the relation ; 

(1) s;dx+fdy+s;dz^o. 

By this means any expression of the form 
Adx + Bdy ■{■ Cdz 
may take on either one of the three aspects : 



~7r~"'^^f:' 



-A. 



— '—p dz + — '-f-i OX) 

Af. - cf', , Bs; - cr; ^ 

Let the first be chosen, and abbreviate it to 
q dx-Pdy 

r. ■ 

Concerning this expression two things are to be noted. First, if. 
"the surface be out by an arbitrary plane, then by the adjunction 
of the equation of that plane this must become an abelian differen- 
tial of the first kind upon the plane curve of section. Secondly, 

* For details, «ee &1k> the book of Pic*rd and Simirt. 
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either x or y could have beea taken as dependent variable instead 
ofz. 

From the first observation it follows that both F and Q must 
be entire functions of x, y, z, of order nt — 2 when m denotes the 
order of the surface /=■ 0. 

From the seoond, converting the differential into its two equiv- 
alent forms : 

we find further that the fractional form 

Qs: +_pr. 
r. 

must reduce to au integral form upon the surface, i, c, by virtue 
of the equation of the surface. Let — R denote this integral 
form, and N a suitable polynomial of order m — 3, bo that we 
shall have identically : 

(2) p/:+Qf; + iif: + N-f^o. 

This gives us for equivalent differential expressions nn the sur- 
face: 
,o, Qdx-Pdy Rdy-q-dz Pdz - Hdx 

^^^ ^/: /: ~ = " /: ■ 

There is yet to apply the condition for an exact differential, in 
order that the integral between any limiting points may be a func- 
tion of those limits independent of the path of integration. That 
condition in one form will be, upon the surface ; 

Performing these differentiations by the aid of (1), and multiply- 
ing by {/'.)' we have for/= : 

dP dO dR ^ 

a. + a, + .,-"• 

D,t„db,Google 



LINEAR SYSTEMS OF CURVES. 21 

This must hold over the surface /= 0, hence using (2) and com- 
pleting the algebraic identity by a term in J{x, y, z) we find : 

where L denotes some integral function of x, y, z, of order 2m — 6. 
Expanding in part the third term, we distinguish terms which on 
their face must contain a factor /(a;, y, z) : 

Since the first groap of four terms are integral, and of order lower 
than m, they cannot contain the factor /(x, y, z) otherwise than by 
vanishing identically. Thus we must have for all values of x, y, z 
the identity 

dp eg dR ,, 

(«) ax + c^.+ az+^^o- 

Insert again the equivalent of A'/ from (2) : 

The form of this identity invites us to write / homc^neously 
in {x, y, z, t), — and of course the other functions also, and to 
employ Euler's identity 

w-^/:+x/': + #; + '/:, 

so that equation (7) becomes : 
(mP+xN)fl + (m§ + yA-y; + (mR + zN)f[ + iN-f\ a 0. 
In this it will appear more simple to write 

mP + xN=~te^, mQ+yN=t0^ mR+zX=l0^, 
^^^ N-0,. 

To show that 0^, 6^, f, are integral, recall that 
Qflx — Pdi/ 
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IB a total difiereotial Dowhere infinite, and that in tlie plane t^O 
it is an abelian integral of the first kind, and so must have the 
form 

ydx — xdy 
4^x,y,z)^—j-, — 2, 

where is of order m — 3. For this reason we must have iden- 
tically : 

where is homogeneous of order m — 3 in x, y, z, and ^^, 0„ 0, 
are of order m — 3 in i, j, z, and (■ Therefore 

■" \ dx^ dy * di ) 

__3*-(™-3)*-((|' + ^'+'3 
or 

K — tn^ + ^,. 

T^ese eayrcsBwrw 5^iie /or (Ae ff*« the irdegral forma ; 

^j _ m^j + 50^, 5j _ m^j + Z0J, ^, — — m^ + '<^(. 

Effecting the substitutions (8) in conditions (6) and (7), and 
using Euler's relation for N: 

dN dN dN , .„ dN 

we have the two relatioos which the d's must satisfy : 

de, ae, se. dt. 

These conditions are now symmetrical in the four homogeneous 
variables, and by the aid of four parameters c^, c„ Cj, c, we can 
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bring the integral (3) into the symmetricsl fonn used by Berry.* 



(") «-/^;" 



y 

dx dy 



This integral is subject of course to the further restriction of re- 
Quining finite in all singular points or lines of the surface. Prima 
fade, the presence of singular points or lines seems a restriction 
upon the number of linearly independent sets of polyuomials 0. 
But the &ot is, that if the surface have no singularities, it can 
have no such integrals. For by the identity (10) the (m— 1)' 
intersectiouB of three first polar surfaces : 

y>o, /;-o, />o 

must fall, either on the surface/) =* 0, thus indicating a multiple 
point of the fundamental surface ; or if not one lall on this fourth 
polar, then all must needs lie on the sur&oe $^ « 0. This last, 
however, is of order m — 3, and its equation cannot be a linear 
combination of three equations of order m — 1. And the conclu- 
sion cannot be escaped by supposing (he polars : /"^ — 0, /^ — 0, 
/; — to have a curve in common, sinoe then that curve must 
pierce in a number of points (or else lie wholly in) the fundamen- 
tal surface. Hence the surface /^ must have at least multiple 
points, as was to be proven. 

Whether a snr&ce whose equation ia given does or does not 
possess linear difierentlala of the first kind, and how many linearly 
independent, — this can be determined by first finding the mul- 
tiple carves and points, and then counting the conditions imposed 
by them and by the identities (6) and (7), or (9) and (10). 

Remark. The number and nature of singularities that a sur- 
face of given order must possess in space of three dimensions in 

* Tnatt. Catabridge PhS. &k., toI. 18 (1900), p. 333^. 
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24 THE BOSTON COLIX>QUIUM. 

order to admit one, two, ■ ■ ■ , independent exact diflerentiala of tbis 
first kind miglit prove an accessible and profitable subject for fur- 
ther inquiry. To extend tbis inquirer to surfaces in hyper&pace 
would require a systematic preliminary study of curves and sur- 
faces in such a space not yet completed. 

§ 2. The Existence of Surfaces of Given Character, In particular 

Hyperelliptic Surfaces. 
If a surface in tbreefold space, /bO, possesses exactly two 
linearly independent exact differentials of the first kind 

tben every algebraic curve lying upon it has the same two inde- 
pendent abelian difierentials of the first kind, and hence these in- 
t^^ls have four independent sets of periods. It can be proven 
«Bsily that the geometrical deficiency of the surfiice is 

and that the expression 

CQ P, - Q,P dtdy 

" r. ' r: 

is the double integral of the first kind, finite for all boundary 
curves on the surface. 

Conversely Picard shows, (/. c.) that if x, y, z are given as 
fourfold periodic functions of two independent variables, the locus 
of a point (x, y, z) is a surface of this sort. For a simplest illus- 
tration let the functions reduce to elliptic, and in the Weierstrass 
notation set 

*-pW y-pH z=-p'(«) + ;>'("). 
This gives an equation between a-, y, and z: 



//* 



or for brevity 

1 _ •«(•<■) + Vlilji)- 
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Accordingly the surface is of the sixth order : 

4/((.>-) . my) - [^ - Ji(x) - S(l,)Y-/(^, ,, .) - 0. 

The two integrals on the surfece, it and r, are represented as 
follows : 

As to double integrals, the one of the first kind belonging to 
the surface degenerates into C du ■ dv, which is evidently finite. 
The double lines of the sextic surface may be perceived imme- 
diately, one of them being obviously the straight line x^y, 
z=0; another a conic in the (x, y) plane; and three lines at 
infinity. 

One linear differential of the first kind can exist on a surface 
of order as low as the fourth. There are five types of such quartic 
surfaces, found by Puincarg,*" Berryf and de Franchis ; the five 
types are projectively distinct, that is, coUineations cannot trans- 
form one into another ; but Berry has found that under birational 
transformations all five are equivalent to a cubic cone devoid of 
double line. 

Of these five types, perhaps the easiest of derivation is the fol- 
lowing. The quantities ff, being of order m — 3, are linear. Let 
their planes coincide with those of the tetrahedron of reference, viz.: 

0^ = x, e^ = y, S, - - 1, ^4 =- - ', 

thus satisfying the condition (9). It remains to satisfy (10), 



* ComjOt* Btndut, vol. 99 (Dec. 20, 1884). 

t Ibidtm, Sept 2, 1399. See also hia papers, cited above, in the Ttviu. Cam- 
bHdfft Phil. fhe. 
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THE BOSTON COLLOQUroM. 
Since also hj Euler's identity for homc^eneoiis funotiooB 
Bf df df df 



it follows that 



af df df df „, 



Hence the form is homogeneous of order 2 m a: and y, also in z 
and t. Symbolically 

/= («,ar» + 2a^ + ay)(6,i* + 26^ + bf), 

each product ajt^ denoting an arbitrary real quantity. This is a 
familiar ruled quartic surface with two double lines (x^ysaO 
and z — t — 0). It is generated by taking for directriceB these two 
double lines and any plane quartic which has nodes upon the two 
lines. 

This suggests the interpretation of conditions (9) and (10) by a 
complex of lines. The connez 

gives rise to a complex when every point (x) is joined to its cor- 
responding point, and condition (10) is the requirement that the 
complex line originating in a point (x) of the surface /— 0, shall 
be tangent to that surface. Speaking of the line joining a point 
(x) to its corresponding point in the oonnex : = as a trajectory 
of that connez, we say ; A surface / « o^ order m wUl pomeaa a 
linear exact diffa-entud oj the first kind if a complex (m — 3, 1) 
exista such thai the trajectorien of aU points on the euvface are tangent 
to Uie surface. 

Remark. When one linear exact differential exists on the sur- 
face, and only one, it is invariantively related to the surface under 
a much lai^r group than that of the collineations and a fortiori 
under the latter group. Instead of seeking the int^ral when the 
surikce is given, and finding it as an irrational covariant of the 
surface, one might attempt to determine the surface as a rational 



Dicized by Google 



LINEAR SYSTEMS OF CURVES. 27 

covariaDt of tbe forms 0^, 0^, 0^ 0^, oocurriog id the integral. But 
the surface may be not determinate. (Id the above example it 
had still 8 free parameters.) Also the ffs depend on the choice 
of planes of reference. Hence more precisely one should seek to 
determine the mixed form J{x, u) (oonnex) covariant with the 
oonnez 

e = ti,5, + u,5, + Wj^j + M^tf, 

such that every set of values (u) makes the surface J(x, u) — a 
surface possessing the integral of the first kind represented in (11). 
In other words the connez ^ is to satisfy the relation 

^0 ^0 m m 

3w,cte, du^dx^ ^UjSsTj du^dx^ ' 

while the covftriant /(x, u), or/, is to be of order ia the (x) higher 
by 3 than 0, and shall satisfy also identically the equation : 

d0 df d0 a/ d0 df dS df 
5u, dx^ 5i(j dx^ 5wj ~Bx^ du^ ^x^ 

Of course the chief interest in this problem would be fouud in 
the lower orders, 4, 5, 6. It might be possible to solve a similar 
problem of the theory of forms when the surface is to have two or 
more independent integrals of the first kind. 

To return to surfaces with two independent exact diETerentaals 
of the first kind, we note two theorems of Picard. The em^enee 
of two such differentlah ia impoagibU upon any surface of order 
tn <c6. If a surface have two such differaiHaia, Us plane sedions 
are curves of deficiency ai least p = 2, and its geometrical deficiency 
is p ~ 1. 

Picard establishes directly the existence of a class of surfaces 
with two differentials, in brief as follows : Let the Cartesian 
coordinates of a point be given as uniform functions, quadruply 
periodic, of two independent variables. Let the relation be such 
that to every point (x, y, z) of the surface there corresponds one 
and only one pair of values of the two independent variables 
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n, p. Then the surface has exactly two linear differentials of the 
first kind.* 

For if the surface equation 

Six, y, j) = 
is satisfied identically by three uniform functions 

X =- F^{u, v), y - Flu, v), z - F^u, v) 

and the functions F^, F^ F^ have four Nmultaneous systems of _ 
periods, then since 

^ 5/", _, dF. ^ 

cu do 



these pnrtial derivatives 

dF, dF, 

du '" ' dv 

must be likewise qnadruply periodic uniform functions of u, r, and 
therefore rational functions of r, y, z. Accordingly the solutions 
of these two equations 

rfu — Q,dx — P^dy 

dp - Qjde — Pjiy 

are differentials of the first kind upon the surface, and independ- 
ent by hypothesis. But any third diflTerentiai of this kind on the 
surface is necessarily a linear function of these two, with constant 
coefficients. If it be denoted by dtc : 

dw - Qji.f — fjrfv 

- (e4?« - ''Z''') + (ft l> ~ p-l ''') 

'Liourillr, ser. 4, vol. 1 (1888). 
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diBD Hfl the functions ^ and ■<fr are assumed to Fetnaio finite 
throughout the surface / = 0, and are seen by the for^;oiDg to be 
ratiooal in x, y, z, they can be nothing but coustanta, as was to be 
proveo. The double integral of first kind on the surface is 
jjdudv; the proof that it is unique is closely similar to the 
above. Functions of the properties required for F^, f^, F^ 
are readily expressed by quotients of theta-functions of two 
variables. 

Sur&ces of this sort are called by Picard and Humbert hyper- 
e/Uptic surfaces. They are to be distinguished carefully from sur- 
faces whose plane sections are hyperelliptic, or which have a linear 
net of hyperelliptic curves upon them, fur those we have seen to 
be rational (p =*• 0); while these, possessing one double integral 
everywhere finite, havep^ = 1. 

Hyperelliptic surfaces of order lower than the sixth do not 
exist, as was said. This evokes recollections of Kummer's sur- 
face of the fourth order ; but that, as Picard shows, is not of this 
class, because it has two aeU of values (w, v) for every point {x, y, z). 
Humbeii has discussed hyperelliptic surfaces in extmso* in par- 
ticular those of sixth order. He extends this mode of establishing 
their existence by theta-formulse, so as to employ the next higher 
class of thetas, those in three independent variables. In this way he 
reaches surfaces containing three linearly independent exact linear 
ditferentials of the first kind and proves that their order must be 
higher than six. An example is given of the eighth order, but the 
order seven is left in doubt. Of such representation of these sur- 
ftuxs, the chief advantage is that every algebraic curve lying in the 
surface is given by the vanishing of some theta function, so that by 
the use of theorems more or less ^miliar in the theory of tbetas, 
one obtains an exhaustive treatment of geometry upon a surface. 

It is apparent that this line of investigation opens a prospect 
of a classification of surfaces based on properties much more gen- 
eral than those merely projective. As was indicated in a remark 
upon quartics, this calls for the projective study (for the sake of 

• LiouWffe. ser. 4, vol. 5 (18S9), vol. 9 (1«93), and ser. 5, vol. 2(18%). 
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30 THE BOSTON COLLOQUIUM. 

models) of sur&ces which become iateresting under this more 
Bearching light. And the special classes — as those related to 
point-pairs on one curve, on two curves, those in which the 
period* of the at^uments fall into some integral relation, etc. — 
thoee offer a field most inviting and likely to yield rich fullness 
of even the simpler geometric forms. 
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FORMS OF NON-EUCLIDEAN SPACE. 
Br FREDERICK 8. WOODS. 

By a non-eucHdean geometry we sball mean any syBtem of 
geometry which, while differing in essential particulars from that 
of Euclid, is nevertheless in accord with the facts of experience 
within the limits of the errors of observation. The space in which 
such a geometry is valid is a noo-eudidean space. It is clear that 
the test of experience can be applied only within a restricted por- 
tion of space, so that non-euclidean spaces, while having essen- 
tially the same properties in such a restricted region, may differ 
widely when considered in their entirety. It is the purpose of the 
present lectures to present especially those non-euclidean spaces, 
investigated by Clifford, Klein and Killing, which have been 
named by the last author the Clifford-Klein' »ehe Ruumformen,* 

For the sake of deamees it is necessary to begin with the 
geometry of a restricted portion of space. Here the author baa 
followed the development of his own article on " Space of Con- 
stant Curvature,"t to which the reader is referred for references 
to the literature and for fuller handling of some of the subject 
matter of the first five paragraphs of these lectures. 

The point of view adopted is that objective space presents cer- 
tain phenomena of form, position and magnitude, which demand 
explanadon as do other pb3'sioaI phenomena. This explanation 
the geometrician gives by the assumption of certain hypotheses, 

"Clifford, W. K., "A PrelimtnBiy Sketch of Biqua tern ions," Malktmatieal 
Papet», No. XX. 

Klein, F., "Ztir Nicht-EuklidiscbeD Geonietrie," M<UK Annakn, vol. 37 
(1890). p. 344. Xeefttrea tm MaUimatit*, Lecture XI, New York, 1894. " Zur 
ersten Vertheilung der Lobatchewsky Freise," MalK Aiaialat, vol. 59 (1898), 
especiallx pp. 591-^62. 

Killing, W., " Ueber Ctif!ord-Klein'«che BaumForoien," MiOk. Amuden, vol. 
39(1891). EtnfSknmg in dU Or^ndiageit der Otaraelrie, va\. I, Cixa.'p. A i PaJer- 
bom, 1893. 

\ Aiavda 1^ MalhtmaiJa, ser. 2, W. 3 (1902), p. 71. 
31 
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which he is free to make as he pleases, provided that they are 
eelf-coiisistent. The test of the validity of the hypotheses lies in 
their results. We make at first hypotheses which follow the ideas 
of RiemanD's famous HnbUUfUionesckrift.* 

It is admitted that questions may be raised which lie back of 
these hypotheses, as, for example, the possibility of reducing them 
to simpler axioms, but the discussion of such questions lies outside 
oup present province. The Riemann method has for us the double 
advantage of allowing the immediate use of analytic methods and 
of restricting the discussion at the outset to a small region of space, 

A geometry having thus been developed in a restricted portion 
of space is extended to all space by means of new hypotheses, 
which are essentially those used by Killing in his Grundhgen 
der Geornetrk. In the further development the ideas of the Ust 
named treatise liave been lately followed. 

1. The First Two Hypotheses. 

As already said, we adopt in our iuvestigations the method of 
Riemann by which our objective space is assumed to be an example 
of an extent (Mannu^altikeit) of three dimensions in which an 
element may be determined by means of coordinates. AVe assert 
this explicitly in the following words : 

First Hyi-othesis. Space is a coiUinuum of tln-ee dimensions 
in which a point may be deleniiined by tliree independent real coor- 
dinates {^^, z„ Zj). If a properly i-ettrii^ed poiilon of space is con- 
sidered, the correspondence between point and coorrlinale is one-to-one 
and continnous. 

AVithin our space, we may pick out at pleasure one-dimensional 
extents or lines. We shall restrict ourselves to lines which may 
be expressed by the equations 

',-/,(•), h-m. h-Mt), 

wliere t is an arbitrary parameter and /,, /, and /^ are continuous 

''Kiemann, B., "Ueber die Hypothesea, irelche der Ueonietrie za Gmnde 
liegen," UaammelU Wtrkr, iHt ed. p. 2d4 ; 2d ed. p. 272. 
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fuDctioDS possesaiog continuous first derivates, nowhere vaniahiDg 
simultaneously. For such a line we may iutroduoe the concep- 
tion of length as follows. Consider a portion of the line corre- 
eponcling to values of t lying between the values (, and T inclu- 
sive, and let this portion be divided into n Begments to the 
extremities of which correspond the values („ ^ (j, ■ • • ',_,, T, Let 
further {z^, z^ z,) and (s, + &i„ z, -|- Sz„ z, + Bz^) be the coordi- 
nates of the extremities of any segment, corresponding respect- 
ively to tf and t.^^. We may then assume arbitrarily a function 

which has the following two properties : First, it shall become 
inBnitesimal with &,, Sz^ Szy a.nd consequently with i,^., — i, ; and 
secondly, the sum of the n values of this function, computed for the 
n segments of the line, shall approach a limit as n is indefinitely 
increased and each of the n quantities f,^, — t^ approaches zero, this 
limit to be independent of the manner in which the segments of 
the line are taken. This limit is d^rud at the length of the Hne, 
If in particular we take 

= i/2a,>^ (i, A = 1, 2, 3 ; a„ - a^) 

the length of the line is expressed by the int«gral 



^X y^'-Ti 



dt 



The differential of this integral, namely, 

ds *• i/^Ufidx^i^ 
we call the Une-dement o/ the space. We express these conventions 
in a new hypothesis as follows : 

Second Hypothesis. The length of a line ahaU be determined 
by vKane of a line-element given by the equation 

ds ~ V^a^dxdx^, K-a«; »", i= 1, 2, 3) 

where the a^^ are functions of z„ z^ z^, possessing eotUinuous deriva- 
tives of the first four orders, the determinant { a^ | does not vanish 
identtcalty, and the expression under the radical sign is positive for 
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all caluea z^, Zj, z^ di^, dz^ dz^ provided that (j„ s^, Zj) is a point 
0/ apace and thai dz^, dz^ dz^ are not all zero. 

2. DEFisirroNS. 

We proceed now to develop the conceptione of a geodesic sur- 
face, a geodesic line, an angle and a direction, which shall corre- 
Bpoud to the ooQoeptions of a straight line, a plane, an angle and 
a direction in Euclidean space. 

1. Geodesic Line. A geodesic line is defined roaghlj as the 
shortest distance between two pointe. To determine its equa- 
tions, we have to find the oonditiona that the integral 

'=i\^''^-dtd:^' 

shall be a minimum. The Calculus of Variations gives as neces- 
sary conditions, the three equations 

dly^y<*~dt '^"'"'di '^'^"^J^^V^^i-^, ~dt dl' 
where ! ■- 1, 2, 3, and 

If we take as the independent parameter the length «, as defined 
by the integral, these equations take the somewhat simpler form 

d9 P' da + "« ds + "» d8 J " 3^ ^ d^ da' 
d V d%^ dz^ (fej"l ^nc^^i "^i 

dB L"" d« + **« ds + •*» "A J "= ' ^ ^ d8 "cte' 

dr dz, dz, dz-l fv^ik^s^^k 

which must be considered in oonnection with the identity 

'* as ds 
Conversely these conditions are sufficient if « is not too great. 
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More precisely : Let {^^'', ^^^, 1^°'*) be any point pMSt of space, and 
(z,, z„ z^ any second point Bncb that | z^ ~ ^^^ \ does not exceed a 
suitably chosen positive quantity, h. Then the above equations 
admit one and only one solution which pssaee through the pointa 
(«"") and (i) and has all ita points lying in the region j z<?" — zj < A ; 
aud for the corresponding carve the integral s has a atnaller value 
than for any other curve joining the points (2^°') and (z). 

We take the equations accordingly aa the defining equations of 
the geodesic lines and shall apply this name to the curves satis- 
fying these equations, even if the curves have been so prolonged 
that the minimum property no longer holds. 

2. Direxivm. In accordance with the theory of differential 
equations it is always possible to find one and only one solution 
of the above equations which takes on at an arbitrary point (z„ z^ z,) 
any arbitrary values (not all mfo) of the differential coefficients 

dz, dzj (fe, 
da' da' d*' 
If these differential coefficients satisfy initially the condition 
_ dz, dz, ^ 

this relation will be fulfilled for all values of 8. 

The geodesic lines which radiate from a point are hence dis- 
tinguished from each other by the ratios of the values of the dif- 
ferential ooefficiente, which may consequently be regarded as 
fixing the direction of the line; the direction being, broadly, that 
property of the line which distinguishes it fVom all others through 
the same point. It will be convenient to denote dzjds by ^ and 
to speak shortly of the direction (tT,, ^ Qr or ^. These quantities 
satisfy the relation 

3. Angle. The angle between two intersecting curves with 
the directions ^ and IT is defined by the equation 

COB0- 2a„r,C- 
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Id particular two intersectiDg curves are perpendicular if 

SOj^riC - 0. 

4. Geodesic Surface. A geodesic eurAce is defined as a pencal 
of geodesic lines. More precisely : Take any two geodesic lines 
OA aod OB intersecting at 0, baving at that point the directions 
a and /8 respectively, and making the angle « with each other. 
Consider any other geodesic line OM with the direction 

where X and n are parameters subject only to the condition 

\*+ ft' + 2\f* cos (i» ■- 1, 
which arises from substitution in 

As X, fi take all possible values, OM generates a pencil of lines, 
which is defined as a geodesic surface. It may be shown without 
difficulty that in this pencil there is one and only one line per- 
pendicular to OA and that this may replace OB in defining the 
pencil. We shall then have 

f . =: a. COB ^ + fi; sin $, 

where is the angle between OA and OUT. 

If now P is any point on OM and r is the length of OP, the 
oodrdinates «; of P are determined by integrating the equations of 
the geodesic lines, choosing the solution which has at O the direc- 
tion IT) and substituting r for a. We have then 

»,-/«-r»f» >■)-««.•■). 

the functions ^^ being continuous together with their partial 
derivatives of the first and second orders. By taking and r as 
independent parameters, we have the equations of the geodesic 
eur&ces. 
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3. The Third Hypothe8is. 
The method of auperposition, involviog the assumptioD that 
a geometric figure may be moved from one positioa to another 
without altering its size or properties, is fundamental in the 
Euclidean geometry and would seem to be a necessity in any ex- 
planation of spatial phenomena. The hypotheses thus far made 
do not carry with them the necessity of any such superposition. 
This may be clearly seen by examples from the Euclidean geom- 
etry of a kind which we shall frequently employ in the follow- 
ing pages. In thus using the Euclidean geomety, we do not as- 
sume that it is objectively true, but that it is a self-consistent system 
which explains experience. Consider any surface on which a sys- 
tem of ourvilinear codrdinatea (u, d) have been established. This 
surface is a two-dimensional space satisfying the first two hypoth- 
eses, the line element being of the form 

(fo* - Bdu* -f- 2Fdvdo + Gdv". 

Such surfaces, however, oSer various possibilities in the matter of 
superposing one portion upon another. One needs only to con- 
sider the ellipsoid, the right circular cylinder, and the sphere as 
examples. 

To bring the principle of superposition into our present discus- 
sion, we shall define a displacement as a transforma^on by which 
a continuous portion of space is brought into a continuous point 
for point correspondence either with itself or witii another portion 
of space in snoh a manner that the lengths of corresponding por- 
tions of lines are the same. Let £! be a portion of spaoe in whidi 
the coordinates of a point P are (z,, z^ >,), and let S" be a portion 
of space in which the coordinates at a point P ' are [z[, z'^, z'^). 
Let the line-element in iS be denoted by 



da = V^a^dzjh^ 
and the line element in <S" by 

da' " V"2a'dz'dz', 
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where a',,^ denotes tbe valae of a„ for {z[, z'^, z'^). In order that 8 
may be displaced into S", it is necessary that 

by virtue of relations of the form 

where the. i^f are continuous functions of (z[, z\, z'^^ possessing 
continuous first derivatives, and establisning a one-to-one relation 
between the points of & and S ' . 

It is easy to show that by any displacement, geodesic lines are 
transformed into geodesic lines, geodesic surfaces into geodesic 
surfaces, and angles are lefl unchanged. 

The existence of displacements in space is made tbe subject of 
a new hypothesis. 

Third Hypothesis. If P ia any point of space, it ahcdl be 
pomble to daplace a re^rii^ed portion of space surrounding P upon 
itsdf in sack a manner that any two geodesic lines through P shall 
correspond to any other two geodesic lines through P, provided only 
that the two latter lines make the same angle vjiih each other as do 
the tvM former lines. ' 

The question of displacement of a surface is intimately con- 
nected with the quantity called by Gauss tbe measure of the 
curvature, or simply the curvature, of tbe sur&ce. Under that 
term we understand a quantity K defined by tbe relation 

/ a r F dE_ 1 aen 

' 2v/£G _ i-'A^wL^v'A'G - F* ^v VEG — F' ^ J 
ar 2 dF 1 ?^___ ^ — lY 

With the geometric interpretation of the curvature as usually 
given on tbe hypothesis that the surface lies in Euclidean space 
we have nothing to do. For us the curvature is simply the above 
expression which is fully determined when the line-element of tbe 
surface is given, and may be shown to be an invariant of the sur- 
face, that is independent of the coordinates used to define a point 
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upon the Burfaoe. Wben K is the same for all points of the sur- 
face, the surface is said to be one of couatant curvature. The im- 
portance of the curvature lies in the two theoreins : 

A neeeaaary condition thai two portions oj surfaces may be brought 
into point for point correspondsnce with preservation of dietanoe is 
that they have the same curvature at coiTespondiiig points. 

If the two portions of surfaces are of constant curvature, the con- 
dition is also si^icient. 

The Gaussian measure of curvature of a surface is extended by 
Riemann to space of m dimensioas. For three dimensions consider 
a point (z^, z^ zj and two directions (a,, a^ a^ and ($^, fi^ fi^, 
taken from that point. Then the Riemann curvature is a function 

which gives the Gaussian curvature of the geodesic surface deter- 
mined hy the point and the directions. The Riemann curvature - 
of a general space is accordingly dependent both on the point 
of space for which it is reckoned and on the directions of the 
lines taken through that point to define a geodesic surface. But 
if the space satisfies our third hypothesis, the curvature is a func- 
tion of the point only. For by this hypothesis, any two geodesic 
pencils with their vertices at the same point P may be brought 
into point for point correspondence with preservation of distance. 
Hence by the sur&ce theorems above quoted, the two geodesic 
surfaces formed by the pencils must have the same curvature at 
corresponding points and in particular at P. Schur* has proved 
tJiat when tbe curvature is thus constant at each point, it does not 
change as we pass from point to point. The space is then said to 
be of constant curvature. A new proof of Schur'a theorem will 
be given in the following paragraph. 

4. The Linr-Element. 

Take any point at which the functions a,^ are single-valued 

and continuous. Then, as we have seen, there exists around 

*Schur, F., "Ueber den ZiiniinmeDhang der Riurae consMnton Riemann'- 
Bchen KramiDDDgmDasges," Math. AnnaUn, vol. 27 (1886), p. S93. 
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a region of epaoe such tb&t any point P of the r^on caa be joined 
to by one and only one geodesic line lying in the n^ion. We 
shall call tbia r^ion 1. Through take in T three mutually 
perpendicular geodesic lines OA, OS, OC, This can be done by 
taking directions (a„ o^ Oj), (^„ /9^ ^^, (7,, 7^, 7,) so as to satisfy 
the relations 

2a<!;a.^^ =- 1 , 2<^,y8. = 1 , £a';.>7i7» = 1 . 

'S.d^lafi^ = 0, 2<2y9^7j - 0, £a'°Jy.«* = 0, 
where a'il signifies the value of n^ at 0. The direcUon of any 
geodesic line through O is then 

where a„ a„ o, are independent parameters subject only to the 
condition 

ttj + aj + aj= 1, 
which arises from 

£a'",'£;.?^=l. 

The direction may accordingly be named by means of (a„ a^ a^. 
Let P be any point on this geodesic line and let the distance 
OP be denoted by r, where r ia positive if measured in the direc- 
tion a„ and negative if measured in the opposite direction. We 
may take the quantities (a,, a„ Oj, r) as the coordinates of P. 
Then to any set of Values of the coordinates corresponds only one 
point P, and to any point P correspond only the coordinates 
(a,, «j, Oj, r) or (— a,, — o,, — a^ — r). Between old the aod 
new coordinates, tliere exist relations of the form 

h "" ■'^((''ii °«i '')> '')i 
where the functions F^ are continuous and possess continuous 
derivatives of the first two orders since they are the solutions of 
the differential equations of the geodesic lines. 
By the substitution in 

the form of the line-element is obtained as 
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ds* — Y.^u.^^'^u + Y.AJaflr + yl^dr*, (i, t, f = 1, 2, 3) 
where 

The direct calculation of the values of the coefficients is difficult : 
but we shall prove by an indirect method that the proper form is 

where £ is a constant. , 

To do this, consider any curve C, defined by the equations 

«.=/,(0. «.-/,('), <^=/.('). '•=/.{')■ 

If Pg ia any fixed point on C and is the angle between the 
geodesic lines OP^ and OP, tf is a function of i and hence t ts a 
function of 6, which for small portions of C is one valued. We 
may consequently write for the equations of C 

<.,_♦,(«), a,_«9), o,-«9), r_«(»). 
If irom these four equations we omit the fourth, thus allowing 
r to take any value, we have the equations of a surlaoe, which 
passes through the curve C, as is evident, and also contains the 
point O since the equations are satisfied by r = 0. The surface 
is analogous to a cone of the Euclidean geometry, for the lines 
6 — const, are geodesic lines radiating from to the points of C 
These lines form one of the systems of coordinate curves on the 
surface ; the other system is composed of the lines r -= const., 
each of which is the locus of points equally distant from O. If we 
refer to the general form of the line-element of a surface 

d«* = Edi' + 2Fdrde + Gde^, 
it ia clear that iu the present case, E= 1, since a = r when 
— const, ; and F=0, since the curves r = const, cut the 
geodesies — const at right angles by a theorem of the Calculus 
of Variations.* We have therefore on the surface 
ds' = Gdff' + dr", 

^Cf. Kneaer, A., VariaUonrntdimmg, p. 48. Bclza, 0., Calaitiuof Variationt, 
p. 164 
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and we proceed next to replace d0 by its value id terms of a^. 
For that, we call S8 the aagle between two neigliboriDg geodesic 
lines OP and OQ, with directions a and a -f Sa, where 
a\ + al + a*=* 1, 

(a, + SaJ' + (a, + ««,)' + (a, + SaJ* - 1. 
Then 

COB S0 = ajaj + So,) + a,(«, +So,) + «j(aj +Soj) 

= 1 + a, So, + «,&», + (^jSa, 

= 1 — i(5aj + iaj + Sal). 
so that 

sin* — i{^I + SaJ + SoJ). 

From this follows in the diSerential notation 
d^ = rfaj + dal + doj, 
So that the line-element of the suface is 

rf«* = G{da1 + dal + **») + '''■*■ 
This is in particular the element of the length of the curve C, 
since C is on the surface. But C is any curve in space and henoe 
the above expression is the line-element of the space. 

We seek now to determine G. For that purpose consider 

G ~ A„ = 2a., ^- ,— * 
where (see p. 40) 

z,- f,(c„ o„ o^ r) « 4" + (a^a^ + a^^ + a,y,)r + ■ ■ ■ . 

Hence 

G = »-*Sn.^a.a^ + ■ ■ - . 
and consequently 

Thus &r the discussion is applicable to any space which satisfies 
the first two hypotheses. We examine now the effect of intro- 
ducing the third hypotheses. A geodesic surface formed by a 
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pencil of lines witli its vertex at O ia a special case of the conical 
surfaces just discussed and its line-element is therefore 

The formula for the curvature K reduces to 



B7 the third hypothesis, any one of these surfaces may be 
brought into correspondence witli any other by means of a dis- 
placement by which a point at the distance r from on the one 
surface corresponds to any point at the same distance r from O on 
the other surface. Hence the curvature £* is a function ofr alone, 
that is 

From this and the conditions govemiug Q when r = 0, it follows 
that 6 is a function of r only. 

The exact form of G is obtained by the following considerations : 
The equations of the geodesic lines in the new co5rdinates are 

d'r G- 
where 

and 

-«[(5)V(5)^(t-)']— (^y- 

Take now the geodesic sui-faoe a, = 0, for which the line-ele- 
ment is 

d«* = GCrfaJ + da]) + rfr*, 

and apply the Calculus of Variations to determine the shortest 
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line on thia Bur&oe oonaecdug any two points. Sudi s line exietfl 
if the points are not too remote, and ita equations will be found to 
be exactly those obtained when a^ is placed equal to in the equa- 
tions of the geodesic lines in space. It follows that any two points 
on tbe sur&C8 a, — may be connected by a geodesic line lying 
wholly on the sur&ce. In particular any point of the surface is 
the vertex of a pencil of geodesic lines which lies on the sur&ce. 
Take now P, any point in a, » 0, and choose on the geodesic 
line 0P^ the point Jf equidistant from O and P,. This point if 
may be used as the vertex of a pencil which covers the sur&oe. 
By the third hypothesis, there exists a displacement by which this 
pencil is eelf-oorresponding, the point M being fixed and the geo- 
desic line MP corresponding to MO. Henoe the curvature of 
Oj s: at P, equals that at 0, and the surface is consequently one 
of constant curvature. But the surface a^ => may be brought 
into correspondence with any other geodesic surface formed by a 
pendl of lines with vertex 0. Hence K is independent of r 
throughout and is consequently constant. We place 

and have the three cases of a space of constant positive curvature, 
a space of constant n^ative curvature, or a apace of zero curva- 
ture, according as £ is real, pure imaginary, or sero. To determine 
G, we have the diSerential equation 

l/S Sr- 
with the initial conditions 



(Vew (^^-^^ 



dr }^_^ 
lence 

If k is real this determination of k is final. 
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If jI: 16 pure itnagiDaFy,we may place k ™ ik' and 
-^ sioh k'r 

vo j^. 

If k is zero, we may place 

yG = Lim — T — = r. 

It will be more convenient to retain the general form for k, since 
the above changes are readily made. We have accordingly tlie 
line-element in the desired form, 

sin* kr 
dg* — — M~ (<^I + ^<^\ + ^<^V) + <^- 

It is to be emphasized that we have shown the existence of a 
displacement by which is transferred into any other point P^ 
and reciprocally. By the combination of two such displacements, 
a displacement may be found by which any point P, of T may be 
made to correspond to any other point P, of T, 

6. Geometry in a Restricteb Portion op Space. 
We shall, for the present, confine our attention to the portion 
of space T already defined and introduce the coordinates * 
x^ =» cos kr, 

a;, = aj— T— , — 1.2,3) 

where 

a;; + P(icf + a^ + z^) = 1. (2) 

The line-dement is now 



(3) 
and the differential equations of the geodesic lines are 

J' + tX-O. (i- 0,1,2,3) (4) 

"These co&rdinates are called b^ Killing the Weieratnuuui coordioaUe, be- 
cauie thej were Grot used bj Weieratrass in Beminar work in 1872. 
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The ifltegralB of these equations are 

x^ = Af make + B^ cos key (t— 0,1,2,3) (5) 

where the oooBtants must be so chosen as to satisfy the conditions 
Al + i?(A', + Al + Al)~\,\ 
Bl + I^Bl + Bl + Bl)^l, I (6) 

A^B^ + }f{A,B, + A^B^ + A,B;) - 0, J 

which are neoessaiy and sufficient in order that the conditions (2) 
and (3) may he satisfied. In Jact the constants B^ are the oodrdj- 
nates of the point from which e is measured and the constants kA^ 
are the values of dx.fde at that point and consequently fix the 
direction of the line. 

We may write the equations of a geodesic line in terms of any 
two points upon it Let y^ and z^ be the two points, and let 2 be 
the distance between them measured on the geodesic line. If we 
measure a from z^ we have from (5), 

«i = A- Vi = ^i 8'o -M + -Bj cos JW. (7) 

From these follow, with aid of the relation (6), 

V« + ^{Vi^i + yA + yA) - cos W, (8) 

an important formula which gives the distance between two 
points in T. 

If «f is any other point on the geodesic line, we have from (5) 
and(T) 

X. - \y^ + /«„ (9) 

where 

sin ke sin lil — e) 

^ — -!— ;i ) M = ■ — • ij — ' f 
Bin kt sm kl 

or, otherwise written, 

X sin U = sin ita, \ co» M + /i = o(m fee. 
Hence \ and ^ must satisfy the oondition 

V + ^» + 2\ft cos kl - 1, (10) 
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which is aUo the Deceseary^ and eufBcient condition that x, may 
eatisfy relation (2). 

Conversely any equations of the form (9) for which conditions 
(10) and (8) hold represent a geodesic line, provided they are sat- 
isfied by points in T. For it is always possible to find an angle p, 
such that 

sin Af = X sin M, 
COS hv =m\ COB Id + ft. 
From the condition (3) it follows that ds* = di^. It can then be 
verified that the functions 

«< — ^Vi + f^i 
satisfy the differential equations (4). 

We collect these important results in the following theorem : 

Any geodesic line may be represented by the equations 

x, = \y,+ tK^ (»-0, 1, 2, 3) 

wAcrc y^ and z, are any two points on the lint, and X and fi are 
parameters aatisfying the rdation 

X* + M* + 2X^ cos i? = 1 , 
/ beii^ tfie dittance between the two points y. and z^ 

Oonvei'itety any equations of the above form represent a geodetio 
line if they are satisfied by points of T. 

From this follows immediately : 

Any two linear homogeneous equatioTie in x^ represerd a geodesic 
tine if satisfied by coordinates of points in T ; and coTwersdy any 
geodesic line may be represented by two mch eqwdians. 

As to the geodesic surfaces we have the theorem : 

Any geodetic surface is represented by a Unear homogeneous equa- 
tion in x^ ; and oonversdy any such equation represents a geodesic 
swrface if it is satisfied by points in T. 

To prove the last theorem, consider a pencil of geodesic lines 
determined by two lines through B^ with the directions A', and 
A"^ respectively. It has the equations 

x^ "- (X4 '. + f*A'^ coa ks + B^tan iSf 
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^* + f* +2X^0 



r I 



6 being the angle between the two lines A\ and A'[. From this 
it readily follows that the coordinates of any point on the pencil 
aatiBfy an equation of the form 

c^, + c,aj, + c^, + c^, — 0. 

Conversely if thia equation is given and y^ and z. are any two 
points satisfying it, the point 

«, <. Xjj + (Ui„ {X' + m' + 2 V cos i/ = 1) 

will also satisfy it. Hence any points on the locus of the equa- 
tion may be connected by a geodesic line lying wholly on the 
locus. The locus may therefore be considered as a pencil of geo- 
desic lines and is therefore a geodesic surface. 

Explicit formulas for the displacements in T ra&y now be writr- 
ten. Since these displacements are continuous, one-to-one point 
transformations by which a geodesic line is transformed into a geo- 
desic line and the expression for cos kl is invariant they will have 
the form : 

= «i^i -»- V=. + Vj + v.- 

= /9,a;, + ^^, + ,9^, + /9^« 

■ 7i3;i + yj^i + Vs + y<f^w 

= S,*, + S^, + S^, + SjK^, 
where 

SI + l^al + /3J + yl) = 1, 

SJ f i'CaJ -H ^ -H tJ) = ft*, (ft - 1, 2, 3) 

fi^S, + i^afl^ + ^^, + 7,7*) = 0. {i, A = 0, 1, 2, 3 ; i + A) 

Prom these conditions it follows that determinant \a^0^y^h^\ =± 1. 
If we add to our definition of a displacement the condition that 
it may be reduced to the identical substitution by a continuous 
change of the coefficients, we shall have the new condition 
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Conversely, any linear substitution in which the coefficienf b sat- 
isfy the above conditions represents a displacement in T, provided 
that it is satisfied by at least one pair of corresponding pointa 
in T. 

We have now the full data for constructing a system of geom- 
etry in T. The following are some of the fundamental theorems 
which are readily proved.* In fact some have already been 
proved in the preceding discussions and the theorems are repeated 
here for completeness. 

1. A geodesic line is completely and uniquely determined by 
any two points. 

2. A geodesic surface is completely and uniquely determined 
by any three points not in the same geodesic line. 

3. If two points on a geodesic surface are connected by a geo- 
desic line, the line lies wholly on the surface. 

4. Two geodesic lines, or a geodesic line and a geoderac sur&oe, 
intersect in at most one point. 

5. Two geodesic surfaces intersect in a geodesic line, if they 
intersect at all. 

6. On a given geodesic sur&ce, one and only one geodesic line 
can be drawn perpendicular to a given geodesic line at a given 
point. 

7. If a geodesic line is perpendicular to each of two intersecting 
geodesic lines at their point of intersection, it is perpendicular to 
every line of the pencil defined by the two intersecting lines. 

Such a line is said to be perpendicular to the geodesic surface 
defined by the pencil. 

8. Through any point of a geodesic surface, one and only one 
geodesic line can be drawn perpendicular to the sur&ce. 

9. Through a given point on a geodesic surface, one geodesic 
line can in general be drawn perpendicular to a given geodesic line 
on the surface not passing through the given point, and never 
more than one. 

10. Through a given point not on a geodesic surface, one 

* Proofi of tl\ tbeae theorems dm; be fonod in the ^nno^ artiole already cited. 
4 
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geodewc line can in general be drawn perpendicular to Uie surface, 
and never more than one. 

11. The sum of tbe angles of a triangle formed by tbree inter- 
secting geodesic lines is equal to, greater than, or less than, ir, 
according as £ is zero, real, or pure imaginary. 

It appears that the geodesic lines in T have all tbe properties 
of tbe straight lines of practical life or of tbe Euclidean geometry. 
Id tbe endeavor to construct a material line wbicb eball be 
" straight," we may proceed by attempting to realize the shortest 
distance between two points by stretching a string or otherwise. 
The result is simply a geodesic line by definition. Or we may 
look for a line which may be revolved upon it«elf when two 
points are fixed. This is also a property of the geodesic lines. A 
geodesic surface has tbe properties of a plane. The practical 
testing of a plane surface by the application of a straight edge bas 
its full significance in T. The practical measarement of length 
and angle by tbe application of an assumed unit is also posable 
in T. We see then that the groundwork of experimental geometry 
is the same for all spaces which satisfy our tbree hypotheses. 
These spaces agree also in the first ten theorems above stated. 
A distinction appears first in the eleventh theorem, which appears 
to present a means for determining the curvature of our objective 
space. The test fails, however, owing to the impossibility of 
exact measurements. All we can discover is that the sum of 
tbe angles of a triangle does not differ very much from ir and 
it is possible to show that if the sides of a triangle are sufficiently 
large compared with k the divergence of tbe sum of its angles 
from IT is within the limits of the errors of observation.* 

We may say then ; Any apace which aatUfies tlie three hypolheae« 
M, 09 far a» our present knowledge goes, infvM accord with all facta 
of experience, provided suitable values are given to the constants 
involved. 

* See, tor example, the calcnlation in Lobschevoby's Zrei gmmetrmeht Abhand- 
brngen, traoHlated by F. Enget, Leipiig, 1809, pp. 22-24. 
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6. The Fourth and Fifth Hypotheses. 

In order to extend our system of geometry outside of the regioD 
T, new hypotheses are necessary. These hypotheses must be 
such that their verification transcends experience, but it lies close 
at hand to assume that certain properties which are true as far as 
experience extends are everywhere true. We accordingly frame 
oar hypotheses as follows : 

FoDBTH Hypothesis. Any portion of space in wktoh the 
ffreaieet geodesic dUiajice does not exceed some constant M, dependent 
on the naiure oj the space, may be so displaced that an arbitrary point 
of this portion of space may be made to coincide with any point 
whatever in space. 

Fifth Hypothesis. A displacemmt of a portion of space is 
completely and uniqudy determined by ihe ditplacemeni of any por- 
tion of space which forms a three-dimensional part of the first portion. 

The meaning of the fourth hypothesis may be ilhistrated by 
the plane and the cone of the Euclidean geometry, as examples of 
two dimensional spaces satisfying f he first three hypotheses. The 
region corresponding to T may be taken indefinite in extent in 
the case of the plane, but for the cone must be so taken that do 
point of the oone shall be covered more than once. The size of 
this region on the cone depends then upon its nearness to the 
vertex of the cone. It is clear that the cone does not satisfy the 
fourth hypothesis, since by definition a displacement demands a 
one-to-one correspondence of two regions end no matter how small 
a region may be taken on a cone this region can not be moved 
indefinitely n^r the vertex of the cone without overlapping itself. 
A right circular cylinder in Euclidean space would satisfy the 
fourth hypothesis, the quantity M being then the circiunference 
of the right section. Similarly a Euclidean sphere satisfies the 
fourth hypothesis. 

In like manner the fourth hypothesis applied to a three dimen- 
sional space rules out singular points and involves the assumption 
that space is boundless. It does not however assert that space is 
infinite in any or all directions. 
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The fidh hypothesis asserts that if a definite displaoement is 
applied to a region of sp&oe S„ any other region S^ which is oon- 
nected with S. in a definite manner suffers at the same time a 
certain definite displacement determined hy the displacement of 
Sg. It leaves it still possible, however, that the displacement of 
Sfi may depend upon the manner ia which S^ ie connected with 
iS^ Take, for example, the Euclidean right circular cylinder, and 
ooneider two strips of the surface oonnecting the same two points 
but in such a way that one strip winds around the cylinder more 
times than does the other. The same motion imparted to the 
same end of each strip imparts a different motion to the other 
ends. 

The fifth hypothesis also asserts that if by a continuous dis- 
placement S. returns to its original position, so does also S^. 

7. The Extended Coordinate System. 
We may now extend our coordinate system x. from the r^on 
T, for which it has been defined, to all points of space. For that 
purpose, let us consider a r^on uf space S^ composed of the 
points whose geodesic distances from O are less tiian, or equal to 
a constant R, where R is less than the smaller of the two quan- 
tities p and M/2, p being the length of the shortest geodesic line 
which can be drawn from in 7 and M being the constant men- 
tioned in the fourth hypothesis. Analytically we have in S^ 

',-»'"'r (■■-1.2,3) 

r^ =s cos fee, 
where 

a\Jral + a\ = \, |8| ^ i?, R<p, R<-^- 

We shall first prove that any geodesic line can be indefinitdy eon- 
tinued. For consider any geodesic line OQ in S„ of length R, and 
take 0, a point on OQ such that 00^ = 1<R. There exists a dis- 
placement such that the point corresitonds to 0^ and a r^ion T^ 
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around corresponds to a region 7, around 0, in such a maaner 
that the portion of the geodesic line OQ which lies Jn T^ corresponds 
to the portion of the same line which lies in T^ and extends in the 
same direction. Here T^ and T, are both contained in S^ but by vir- 
tue of the fifth hypothesis this displacement of T^ into T^ determines 
a displacement o!8^ into a new position S,. The line OQ of length 
R goes then into a line 0,Q, of the same length ; that is, the line 
OQ, has the length R-\-l. Mow we can repeat this operatJon with 
the region 5, by selecting on 0,§, a point O, such that 0,0, = ^ 
and displacing 0, into 0, in the proper manner. In this way 
the line OQ is extended indefinitely, but it is of course consisteot 
with the theorem that the line should be a closed line. 

Any point in space may be joined io by a ffeodesic line. A 
rigorous proof of this statement may be given by means of the 
method introduced by Hilbert into the Calculus of Yariations 
under the name of the " Hdufunggverfakren."* The details are 
too involved to be presented here. We content ourselves with 
noticing that since space is a continuum by our first hypothesis, 
any point P may be connected with by a continuous curve. 
Now the Hilbert method consists in showing that among all the 
curves that can be drawn between O and P there is one such that 
no other has a greater length, and that this curve in suflBciently 
small portions is a geodesic line as we have defined it 

By virtue of the two theorems just proved, we may write 

sin ^ ,..,«. 

x^^a^—r—' (*— 1>2, 3) 

.T^ = cos hs, (aj + a* +tij = 1), 

where a is unrestricted, with the assurance that all values of x^ 
thus determined represent a point of space and that any point of 
space may be represented in this way. This is our generalized 
coordinate system. 

Let us take now any point P. By the fourth hypothesis, the 

"Conniltlor eiamplethediBaerUtionotChas. A. Noble, " Eine neue Methode 
Id der VariatioDirecbuDg," QSttingen, 1901. 
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rc^oD S^ may be bo displaced that corresponds with P and S^ 
with a congruent r^on 5,. There exist then relations between 
the coordinates of points in S^ and the coordinates of points in S^. 
We shall show that these rdaliona have the Kome form as those 
which d^ne a displacemait in •S',. For that purpose connect 
O and P. with a geodesic line and take on this line the points 
O, 0„ Op ■■■ , O^-^P, such that the distance 0,0.^., is less 
than R. K then O is displaoed so as to coincide in succession 
with 0^, O^ ■•• , P, there is determined a chain of congruent 
regions S^ S„ 8„ ■■■ , S_^, each of which has points in oommon 
with the preceding one. The displacement of 8^ into S^ however 
is fully determined by the fact that a region around O is dis- 
placed into a r^on around 0^, both regions lying in S^. Hence 
all oodrdinates of all the points in S, are connected with those of 
8^ by relations of the form given in paragraph 5. It follows that 
in 8, the line element is the same as in S^, that a linear equation 
represents a geodesic surface, that two such equations represent a 
geodesic line, and that a displacement of a portion of S^ is repre- 
sented by equations of the same form as in .S,. In like manner 
we can proceed from S, to 8^ and hence eventually to £',, thus 
establishing the fact to be proved. 

It is clear that if more than one geodesic line can be drawn 
from O \a P, P will have more than one set of coordinates and 
more than one set of equations will connect tiie coordinates of 
8, and S^. 

Let now any displacement be imparted to 8^. By the fifth 
hypothesis, a displacement is then imparted to 8^ through the 
chfun 8^, S^, §„■•-, 8^. It. is easy to see that the analytic ex- 
pression of this displacement of 8^ will be found by substituting 
in the displacement defined for 8^ the codrdinates of the points of 
5, determined by the ohiun S,, 5„ ■ ■ • , 8^. 

We may now establish the important proposition : If his a real 
qaantky, every geodesic line it dosed and has a length not exceeding 
2ir/k.* 

* This theorem ig due to Killing. His proof is eneiitially that of the text 



b Google 



FORMS OF NON-EUCLIDEAN SPACE. 65 

For proof consider a point Q at a distance w/2k from on the 
geodesic line x,=0,Xj=iO. The coordinates of Q&re (1/A, 0,0, 0). 
Let a chain of congruent regions 8^, S„ S^, ••■ , S^, be strung along 
the line OQ, the point Q lying in S,, and each region being ob- 
tuned from the preceding one hy the substitution 

, Bin kl 

x^ — X, cos kl + x^- , — , 

x', = x„ 



a;^ = — xji sin lU + x,^ cos kl, 
where i < 5, 

Apply DOW to 8^ the displaoement 

3^ Bi X, ooe ^ — », sin ^, 
x^ = Xj sin 4> + ^t *^°^ ^' 

This displacement will be transmitted to S^ through the chain 
^o> '^i> ' ' *> ^.- "^^^ distance D between the new and tbe original 
poeitioD of a point is given by 

cos kD == x^'^ + l^{x^x[ + Ql^J + x^'^) 
= a^ + fc^l + if (9^ + xj) COS 

— COB ^ + (x; + hhcD (1 — COB 0). 

Now the line x^ <= 0, x, = 0, a portion of which lies in S^, is dis- 
placed into itself, each point being moved through a distance D 
where 

cos kD = COB ^. 

Hence as varies from to 2w, the point Q is moved on x^ = 0, 
X, = through a distance 2ir/k. But a continuous variation of 
from to 27r restores 8^ and hence 8^ to its original position. 
Hence the geodesic line Xg — 0, x, is eannot have a length greater 
than 2v/£. The theorem is thus proved for a particular geodesic 
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line ; bat by proper choice of the origin and coordinate axes, any 
geodesic line may be given the equations x^=s=0,x^ = and henoe 
the theorem holds universally. It may be explicitly noted that 
we have not proved that a geodesic line may not have a length 
less than 2v,'l;, nor that all geodesic lines have the same length. 
We are now prepared to prove the proposition : 
To any sd of ra/ues (x^, x^, Xp x^ aatigfying the fu/ndamenial rela- 
tion 

corresponds one and only one point 0/ apace. 

In the proof, it will be convenient to separate the three cases 
of zero, negative, and positive curvature. 

1, If it i> 0, the coordinates of any point are 

a-,_o.r, x,~l. (i-=l, 2, 3.) 

2, If k = ik', the coordinates are 

sinh £'r , ., 

a-^ — a, — j_, — , a^j, — cosh it'r (t — 1, 2, 3), 

3, If k is real, the coordinates are 

sin h" , . , 

a-j — «j — i — , 3:^ ™ cos «r (i = 1 , 2, 3), 

It is now readily seen that if the quantitaes x^ are given, the 
quantities «,, a,, a^ r are uniquely determined in cases I and 2, 
except for sign ; while in case 3 multiples of 2ir/il may be added 
to r and the signs are also ambiguous. The change of sign of all 
four quantities (a^, r) does not alter the point determined by them 
and an addition of 2ir/£ to r in case 3 amounts simply to travers- 
ing the length of tlie geodesic line one or moK times. Given the 
quantities x^ therefore, we lay off at O a de6nite direction a^ and 
measure on the geodesic line with this direction a definite dis- 
tance r. We obtain in this way one and only one point. 
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8. The Auxiliary Space S. 
The discuseion of the following paragraphs will be clarified hj 
making use of familiar propositions of the projective geometry, 
lu 80 doing, we avail ourselves of theorems which are in essence 
analytic. Their geometric clothing lends vividness to their 
meaning and helps greatly in their application. We consider 
then a projective geometry in which a point is fixed by the homo- 
geneoos coordinates 

{.:{,:£.: £.■ 
A linear homogeneous equation defines a plaue, two such equations 
a straight line. In this geometry we define a system of projective 
measurement, based upon the fundamental qnadric 

i: + nf;+fi + s)=o. 

The distance A between two points is by definition given by the 
relation 

cosii t.K + g(»:j- tA^+i.fi) 

•s + n?, + ?, + fijvf;' + n([' + 1;' + W) 

Any collineation which leaves the fundamental qnadric invariant 
we shall call a movement of the projective space. Such a move- 
ment leaves distance and angle unaltered. The space in which 
this geometry prevails we shall call the auxiliary space £. 

The points of £ may be made to correspond to the points of 8 
by pladng 

where the sign of the radical is the same for all values of t. It is 
clear that geodesic lines and surfaces in S correspond to straight 
lines and planes in S and conversely. Geodesic distances and 
angles in S correspond to pnyeotive lengtiis and angles in £ and 
a displacement in S corresponds to a movement in £ and con- 
versely. 

Now if k is zero or pure imaginary, a;, is always positive, since 
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x„ 3_ cofl kn. Heoce in these two cases, the sign of the radical is 
uuambtguouB. If k is real, however, x^ may be either positive or 
negative, and hence either sign of the radical aaj be taken. 
Hence : 

If its zero or pttre imaginary , any point of £ eorreepojida to one 
and only one point of S; while ifkis real, any point of 2 may cor- 
respond either to one or to two points of S according a» r. and — x, 
are the coordinates of the same or of different points oj S. 

On the other hand, any point of S corresponds to as many 
points of £ as there are different sets of coordinates belonging to 
the point of 8. To follow this more in detail, let us consider the 
point O which corresponds in £ to the point (0:0: : 1). If O 
has other oodrdinates it must be possible to draw a geodesic line 
from O which shall again return to O. This follows from the 
expresMons for the coordinates. Let us call this line g. Corre- 
spondingly, we have in 2 a straight line 7 connecting two points 
o and 0', each of which corresponds to O, The length of <7, and 
hence of 7, most be less than the quantity B which occurred in 
the definition of 8^ : for all lines of length R or less, radiating 
from O determine points in S^, in which so closed line is pos- 
sible. Since any point of space may be taken for 0, we may say : 

Two points in S which correspond to the same point in 8 can not 
be nearer together than a certain finite qaantUy. 

9, Forms of Space Which Allow Free Motion as a 
Whole. 

We are to examine in this paragraph the results of assuming 
that the displacement of S^ caused by a displacement of 8^ is 
independent of the manner in which S', is connected with S^; that 
is, it is independent of the chain of bodies .$„, £!„ • • >, S^. In this 
case any displacement of 8^ imparts a unique displacement to each 
and every point of space. We express this by saying that space 
allows free motion as a whole. We assert : 

If 8 allows fi-ee motion as a whoU, any point of 8 corresponds to 
one and only one point of 2. 
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Consider a point P in •S'y and let us assume that P corresponda 
to two points n and 11'. As shown in the last paragraph, if 11 
and II' are oonnected by a straight line 7, there will correspond id 
S a line g which starts from P and returns to the same point. 
Along this line we may construct a chain of congruent regions <S'^ 
Sj, Sp ■ ■ ; S,, where S^ is the same region as 8,. Corresponding 
to this configuration, we have in £ a chain of re^ons Sg, J.^, 2^ 
■ ■■, £,, where £, is distinct from £,. Kow any displacement im- 
parted to S*, is transmitted tlirough the cbiun 8^ S,, ■ ■ ; S^ back 
to <S_. But this displacement of 8^ must be the same as that of 
8^ if space is movable as a whole. If, for example, S^ is so moved 
that all points on a geodesic line I are fixed, 8^ must be moved in 
the same manner. Correspondingly, we must have in £ a dis- 
placement by which two straight lines \ and \', one lying in £„ 
the other lying in S, are each point for point fixed. This, how- 
ever, is impossible unless £, coincides with S,. Hence the as- 
sumption that P corresponds to two points 11 and II' is untenable. 

Spaces of Zero Curvature. 
If i= 0, the relation between points of 1$ and those of S is one 
to one. In other words, to each point of 8 corresponds one and 
only one set of coordinates x^ and conversely. We have there- 
fore a geometry in which the theorems of paragraph 5 hold univer- 
sally. In addition all geodesic lines are infinite in length. We 
may conaeqiiently introduce the conception of parallel lines by the 
following definition : A line AB is parallel to CD when AB is 
the limit approached, by a line AG intersecting CD, as the point 
of intersection recedes indefinitely. It may then be shown that 
through any point of space there goes one and only one geodesic 
line which is parallel to a given geodesic line not passing through 
the given point. The resulting geometry is the Euclidean Geometry. 

Spaces of Constant Negative Curvature. 

If £ is pure ima^nary, again the relation between the points of 

S and those of £ is one to one. We have again a space in which 
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the theorems of paragraph S hold universally and in which all 
geodesic lines are infinite in length. If parallel geodesic lines are 
defined as for i — 0, then through a given point there go two and 
only two geodesic lines parallel to a given geodesic line not pass- 
ing through the given point All other geodesic lines through 
the point and lying on the geodesic surface determined by the 
given point and the given geodesic line are separated by the 
parallel lines into two classes, coneieting respectively of tlie lines 
which do, and of the lines which do not, intersect the given geodesic 
line. The geometry is the Lobachevgkian Gfomdry. 

Spaces of Gm^ant PotHive Curvature. 

If it is real, two cases present themselves. In the first case, the 
relation between the points of S and thoae of 2 is two-to-one. 
Then to each point of S corresponds only one set of coordinates 
and ooovetigely. In particular, the oo5rdinates x^ and — x. belong 
to different points of space. The theorems of paragraph 5 hold 
only in a restricted portion of space in which the greatest geodesic 
distance is trjk. All geodesic lines are closed and of length equal 
to 2ir/i, Two intersecting geodesic lines intersect again at a dis- 
tance vfk on each of them from the first point of intersection. 
There are no parallel lines in the sense of the definition given for 
£ « 0. In fiict any two geodesic lines on the same geodesic surface 
intersect. All geodesic lines perpendicular to the same geodesic 
surface iutersect in two points which are distant irj^k from the sur- 
face. The geometry is that called by Klein the Spherical Geometry. 

In the second case, the relation between the point« of -Sand those 
of 2 ie one-to-one, in the sense that to each point of S belongs the 
two seta of coordinates x^ and — v.. The theorems of paragraph 
5 hold for a portion of space in which the greatest geodesic dis- 
tance is itjk. All geodesic lines are closed and of a length irfk 
and any two intersecting geodesic lines return to the pOHit of in- 
tersection without previously meeting. All geodesic lines per- 
pendicular to the same geodesic surface meet in a point at a dis- 
tance trj2k from the surface. The geometry is called by Klein 
the Wliptic Geometry. 
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We may sum up as follows : 

The oniy apacea eatiefy^ing our five hypotkeaes and aUomng free 
motion aa a whole are Vie Eticlidean, Lobachevaldan, Spherical and 
EUipUc apacea. 

10. Forms of Space Which po Not Allow Free 
MoTfON AS A Whole. 

We consider next spaces in which the displacement of .S'^ caused 
by the displacement of S^ is dependent upon the manner in which 
<S, is connected with S^. These are called by Killing the Clifford- 
Klein space. "Diey have been illustrated in paragraph 6. 

From what has preceded, it is clear tliat in the Clifford-Klein 
spaces a point must have more than one set of a^^-coordinates. 
Consider then the re^on S^ and let x. be one set of coordinates of 
its points. Then if x'^ are also the coordinates of its points, x\ may 
be obtained from x„ as we have seen, by following out a chain of 
displacements by which S^ takes in succession the positions S^, S^, 
S^ ••■S^ = S^. That is x\ and x^ are connected by relations 
which have the form of the displacement formulas. Suppose these 
relations denoted by D^. Let now y^ be the coordinates of a point 
P lying outmde of <S„. It may be connected with 8^ by a geodesic 
line and a chain of regions S^, S'^,8'^, ■■ ■ , S^ constructed along this 
line. If the displacement D^ is imposed upon 8^, it will be trans- 
mitted to 81 ; and since S^ returns to its original position the same 
is true of 8^, by the fifth hypothesis. That is the transformation 
D, gives a relation between two sets of coiirdinatee of any point of 
space. Such a transformation is said by Killing to represent the 
coincidence of points. 

It is clear that the iuTerse transformation U^' also represents 
the coincidence of points, and if Z>[ and Dj each represents the 
coincidence of points, the transformation D^D^ does also, and this 
is true when D^ is the same as D^. That is, the iramfomiations 
which represent the coincidence of points in space form a group. 
This group we shall call the group of the space. 

The group of the space interpreted in S is a group of coUioea- 
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tions by wliich the fundamental quadrtc is invariant and by which 
points that correspond to the same point in S' are transformed into 
each other. Because of the theorems established in paragraph S 
it follows that the group of the space interpreted in S'must not 
only be properly dieoontinuous but must be subject to the condition 
that the distance between corresponding points shall never be lees 
than a certain finite quantity. In particular, no tram/ormation 
of the group ntay have a real fixed point. If the r^on of discon- 
tinuity of the group in £ is obtained, this region will correspond 
io a one-to-one manner to S, when k is zero or pure imaginary, 
and in either a one-to-one manner or a one-to-two manner to S 
when k is real. Conversely, the r^on of discontinuity of any 
properly disc(mtinuous group in S, by which the distance between 
two corresponding points is never less than a finite quantity, will 
furnish an example of a space satisfying the five hypotheses. 
Hence the problem to determine the Clifibrd-KIein apace is 
reduced to the problem to determine all groups with the required 
properties. 

Before proceeding to the nearer discussion of the problem, we 
may note that our derivation of the group of the space is based 
upon the consideration of a three-dimensional re^on S^ in which 
each point has dtfiferent sets of coordinates. This region ^ves 
opportunity to apply ih% fifth hypothesis. There is still the pos- 
sibility therefore that certain exceptional one-dimensional or two- 
dimensional r^ious may exbt, upon which the same point may 
have sets of coordinates not connected by transformations of the 
group. The following two examples arc given by Killing of a 
two-dimensional space of zero curvature having an exceptional 
line. 

1 . Consider a cylinder in Euclidian space standing upon a cubic 
curve with a double point The geometry of the cylinder is that 
of the Euclidean plane except for the presence of the double line. 

We call 2a the length of the loup of the cubic, and take as the 
origin of coordinates the point on the loup equidistant from the 
double point in each direction. Then if we take for one coordinate 
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the length a of the cubic and for the other the length h ot 
an element of the cylinder, the coordinates (e, h) correBpond in 
a one-to-one manner to the points of the surface, except that 
the coordinates (a, h) and (— a, h) correspond to the same point 
of the surface. 

2. Consider a cylinder in Euclidean space standing on a lemnis- 
cate. Its geometry is the same as that of the Euclidean plane 
lor restricted portions. We will take Uie origin at the double 
point of the lemniscate, define s an the length of the curve and h 
as the length of an element of the cylinder. Then if 2a is the 
entire length of the lemniscate, the group of the surfoce is 
a' = s + 2jia, 
A' = A, 

where n is an integer ; that is, the coordinates («, h) and (s + 2na, k) 
refer to the same point of the surface. But the coordinates (0, k) 
and (na, h) also refer to the same point of the surface, since they 
give points on the double line. 

Examples of a similar kind may be formed for three dimensional 
spaces without difficulty as far as the analytic work is concerned. 
How far they are conceivable as an explanation of physical space, 
involving as they do the passing of space through itself without 
break in the continuity of each of the intersecting portions may 
be open to question. They have been examined by no one in 
detail and we shall rule them out of the following discussion. 

We pass now to the special consideration of the tiiree kinds ot 
space. 

Spaces of Zero Cuivature. 

If £ = 0, £ is the Euclidean spaoe and its movements are the 
Eadidean movements. A rotation around an axis cannot be a 
transformation of the group of the space S since, as we have seen, 
no transformation of the group can have a real fixed point. We 
must form the group therefore by the use of translations and screw 
motions. 

The use of translations alone lead to three and only three 
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properly diBcontinuous groups, having for regionB of dieoontinuity 
respecti vely : 

(a) A parallelopiped with three finite edges. 

(6) The limitiDg figure of a parallelopiped wheu one edge be- 
oomes infinite. 

(c) The timitJDg figure of a parallelopiped when two edges be- 
come infinite. 

The geometry in S may he readily constructed by operating 
with the Euclidean geometry in the r^ona (a), (6), (e), respec- 
tively. Whenever a straight line meets a bounding &ce of the 
region, it is continued from the corresponding point of the oppo- 
site face. For brevity we shall mention without proof some of 
the results in case (a). 

Some geodesic lines are closed and some are infinite in length 
and those which are closed are not alt of the same length. In 
fact geodesic lines can be drawn, having the finite length 
la + mb + nc, where a, b, c, are the lengths of the edges of the 
parallelopiped and /, m, n, are any three relatively prime integers. 
Geodesic surfaces are of three kinds. Some are indefinite in ex- 
tent, possessing no points with more than one set of codrdinates. 
On these the geometry is identical with the Euclidean geometry. 
Others are represented in S by a strip of a plane bounded by 
parallel lines and have in S the connectivity and geometry of a 
Euclidean cylinder. Other surfaces are represented in £ by a 
plane parallelogram and have in S the connectivity of a ring 
surface. 

No exhaustive study has been made of the Cliflbrd-Klein spaces 
whose groups contain screw motions. In fact Klein says, without 
proof, that a screw motion is not allowable, but Killing gives the 
following two examples which seem valid : 

(a) The group of the space is generated by a single screw 
motion : 

xj = !Bj cos a — Xj sin a, 

x'j 5* a;, sin o -I- DC, cos a, 

ajj — ajj + h, 
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where a and h are conatants. The region of discontinuity in S is 
then bounded by two parallel planes at a distance k unita from 
each other. 

{b) The group of the space is 

x\ = {-\)\ + ma, 
x'^ sa (— l)'a^+ nb, 

jCj — iCj + fc, 

where a, b, c, are constants and I, m, n, are arbitrary parameters. 

We give without proof some of the striking peculiarities of S in 
the case (a). 

There is a unique geodesic line of length h which we shall call 
the axis of the space. If a and w are incommensurable^ this is 
the only closed geodesic line ; if a and v are commensurable, all 
geodeac lines parallel to the axis are closed and of lengths equal 
to multiples of A. For all values of a there are geodesic lines 
with double points. Through auy point of space there goes an 
infinite number of such geodesic lines having the given point for 
a double point; and for a given direction, not parallel or perpen- 
dicular to the axis, there exist an infinite number of geodesic lines 
with double points. Geodesic sur&ces are of three kinds : (1) 
those perpendicular to the axis, (2) those parallel to or contain- 
ing the axis, (3) those which have neither of these relations to the 
axis. On geodesic surfaces of the first kind, all geodesic lines are 
infinite in length and the geometry is that of the £uclidean plane. 
On geodesic surfaces of the second kind, there are no closed 
geodesic lines but a geodesic line may have a double point. On 
geodesic surfaces of the third kind, all kinds of geodesic lines tie. 
The last two kinds of surfaces present the peculiarities of cylinders 
with double lines mentioned on pp. 62-3. 

Spaces of OmaUmt Pomtive Curvature. 
If k is real, there is a fuudamental difference between spaces of 
an even and those of an odd number of dimeusions. It is a 
simple matter to apply our foregoing discussion to space of two 
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dimeneioDs by dropping the coordinate x^ and making necessary 
changea. It appears that any digplacement has a real fixed point 
and consequently there can be no group of the space. If we rule 
out auch special lines and points as occur on cylinders with 
double lines, we are then led to the discussion of paragraph 9. 
Hence the theorem : 

A noH-euctidean space of two dimamom and of cwuiarU positive 
curvature for which mir hypotheses hold and in which no special 
points exid hoe the eonneoHvity and the geometry of eitker Ike 
spherical surface or the ellipfic plane. 

Consider now a space of three dimeBsiona. The study of the 
collineationa which leave invariant the quadric 

s + <.-^f; + s + fi) - 0, 

and which we call the movements of £, lead to the following 
reaulta.* By any real movement in S two real lines G and H, 
reciprocal polars with respect to the fundamental quadric, are 
unaltered aa a whole, each point on each of the lines being dis- 
placed through a distance which is constant for that line. If the 
displacement is different for the two lines G and ff, these are the 
only fixed lines. If however the displacement is the same for 
and II, then all lines of a certain line congruence are fixed, this 
congruence being made up of all lines which intersect the same 
two conjugate imaginary generators of the fundamental quadric. 
Any point of £ la then displaced a constant distance along the 
line of the congruence which contains the point. 

Such a transformation is the nearest analc^y in a space of con- 
stant positive curvature to a translation in Euclidean space. It 
is accordingly called a translation, and the congruence of fixed 
lines are called Clifford parallels. The name parallels ia sug- 
gested by tlie relation of these tines to a translation, but they 
have other properties analogous to those of the Euclidean par- 
allels. For example, from any point in either of two Clifford 

*CoiuaU for the deUila of the geometry of this paragraph : Klein, "Zur 
NichtEukliditchen Geometrie," Afath. AtmaUn, vol. 37 (1890), p. S44. 
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parallels a oommoD perpendicular can be drawn to the two, and 
the portioa of the perpendicular included between the two has 
alwajB the same length. Again, if a line cut two Clifford par- 
allels the corresponding angles are equal. 

The Clifford parallels are of two kinds, according as the gener- 
ators of the fundamental qtiadric which determine them belong to 
one or the other of the two sete of generators of the quadric. 
Similarly we must distinguish between two kinds of translations. 
Two translations of the same kind carried out in sucoeseion are 
equivalent to a translation of the same kind, but two translations 
of different kinds are not equivalent to a translation. Hence the 
translations of each kind fonn by themselves a group. 

Let us oonaider first non-euclidean spaces whose groupe are 
fbnned by transIaUons alone. These translations must all be of 
the same kind. If we place k= I, for convenience, and intro- 
duce \ and fi as the parameters of a point on the fundamental 
quadric, whereby 

{. + >S" f, — •{.' 

'^ S-if. ~t,-i|.' 

then any translation of the one kind causes a substitution of the 
form 

, •id + ic)\-(b-ia) 

(b + ia)X + {d-ic)' ^ "= '* 
and conversely. 

On the other hand, if we interpret X in the usual manner as a 
complex variable upon the unit sphere, the above substitution 
represents a rotation of the sphere. To any translation of the one 
kind in S corresponds then a rotation of the sphere, and in fact 
the angle of rotation of the sphere is eqnal to the distance by 
which the points of S are displaced along a system of Clifford par- 
allels. The group of the space corresponds to a group of rotations 
of the sphere, and since the amount of displacement by any trans- 
formation of the group is never less than a finite quantity S it 
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follows that the group of rotations can contain no infinitesimal 
rotation. This condition is met onl^ by the groups of rotations 
by which a regular polyedron concentric with theBphere is trans- 
formed into itself. We have accordingly the theorem :* 

If a Ct^mti-Klein tpace of eonatard positive earvaiure u tratM- 
formed into iUdf by a group of tranelations, this group must be 
holoedria-iaoiaorph wUh a group of the regviar polyedra ; and con~ 
verady, to any group of the regular polyedtxi correspond four spaces 
of condant positive curvaiure, according as the coordinates x^ and 
— Xf represent the same or different points of space and as the group 
of (he space is made up of trandaliona of one or the other kind. 

It remains to ask if groups of the spaoe may contain displaoe- 
ments which are not translations. This question is answered in 
the negative by Killing (I. c) but his proof is not satisfactory. He 
shows concluBively that if i? is a displacement belon^ng to the 
group of the space and if O and H are the two fixed lines, then 
the smallest displacement along either line caused by the repeti- 
tion of D must be 7/7, where q is an integer, the same for both 
lines. But be errs in assuming that tbis minimum displacement 
is caused in both lines by the same transformation. For example, 
consider the displacement D 

IT V 

X, = X, cos . — .T, Sin -i > 

, . TT TT 

a;, — X, sm ^ + .r, cos . . 



and the group D, S^, i)", JV, i)* - I. The two fixed lines are 

''ThiB theorem bnew aa firas the author knows. Killing {Gnmdiagen der 
O-mmlrit, vol. 1, p. 341) noUcea that it the group of a space of k = 1 contsina a 
tnnslation, the amount of the tranilation mast be an aliqnot part of t, but he 
lecves the impreauon that anj three euch tnuislationi ma; becombined at pleas- 
ure to form a group of a apace. 
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G (ar, = 0, Xj = 0) and H.{x^ ™ 0, ar^ = 0) and the aniallest displace- 
mentalong each is ir/S. But this displacemeDt is produced along 
G\tj D and D^ and is produced along H hy I? and Ijf. By do 
substitution of the group, however, can the distance between two 
oorrrapooding points fall below a definite finite quantity. Hence 
the group, which is not composed of translations, is allowable as 
the group of a non-eucHdean apace. The investigation of such 
groups !8 yet to be made. 

Ctiffbrd'a Surface of Zero Ourvaiure. 
It is of interest at this point to meotioa Clifford's surface of 
zero curvature and finite extent which first led to the conception 
of the Clifford-Klein spaces. This surface may be obtained by 
choosing on the fundamental quadric of the above space of con- 
atant positive curvature two conjugate imaginary lines from each 
set of generators. The qnadric surface which passes through the 
quadrilateral thus formed is the surface required. It ia clear that the 
surface contains two sets of Clifford parallels and is transformed 
into itself by two translations. If we take the four lines on 
the fundamental quadric as corresponding respectively to Xb 0, 
X = so, ^ -1 0^ and ^ = co in our previous notation, the equation 
of the surface is 

where a is a real constant. 

We may define the two sets of Clifford parallels on the surface 
by the parameters u and v, where 

s, + °t, {,-< 

"{. + «{." t.-of."" ' 
t. + ot. t, + < 

To obtain the line-element of the surface, we write first {^ == px^, 
where p* ™ SfJ. Then for the space 
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and this applied to the surface gives 



" <1 + «»)» "^ o* + 1 ( 1 + u*)( 1 + r") "^ (1 + r*)« ■ 

If we take next aa parametera <r and t the lengths of the gener- 
ators, by placing 

/dn r do 

the line el«nent takes the simpler form 



From this it appears that the Qauasian curvature of the surface 
is sero. 

The relation between a point of the surfooe and a value-pair 
(u, v) IB one-to-one. Hence if v is kept constant and u varies from 
— oo to + 00 the oorresponding point describee a generator once. 
At the same time o- varies oontiouously from — ir/2 to 7r/2. The 
total length of a generator ia then tt, a finite quantity. 

The area of a portion of a surface of which the line element is 

de* « Bdu* + 2Fdudv + Gdt-* 
is defined by the double integral 

C fVEO^TF'dudv 

taken over the portion. Hence the total area of the Cliflbrd sur- 
&ce is 






2n , , 2a7r^ 
a»+ 1 



We have therefore an example of an unbounded sur&ce of icero 
curvature upon which the connectivity uid the geometry is that 
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of a p»rallel(^nira on the Euolideaa plane, the opposite sides of 
the parallelt^ram corresponding point for point. 

jSjpoces oj Gonebaid Negalive Curraiure. 
If k is pure imaginary, we may place £ « t for convenience. 
We have then in £ the fundamental quadrio 

f; + ii + ^-« = o, 

points in the interior of which correapond to real values of x^ and 
Iienoe to real points of S. Any collineation which leaves this 
quadrio invariant determines a linear substitution of the param- 
eters X and X where 

f.-f,' {.-{.' 

and conversely any pair of lioear aubstitutioQB 
ak + ff 5\ + g 

where the determinants aS — ffy and aS—^nre not zero, de- 
termines such a collineation.* These collineations are the move- 
ments of £. A real movement occurs when and only when 
5, 0, 7 and S, are conjugate imaginary to a, /3, Yi ^) respect- 
ively. A real movement may consequently be determined by the 
single substitution 



Let us suppose first that the substitution in \ leaves two dis- 
tinct values of X unaltered. There correspond two fixed points 
on the fundamental quadric, and we may without loss of general- 
ity assume the coordinate system lu such a way that these cor- 
respond to the values X= ± 1. The substitution may then be 
written 



* Consult for proof aod historical references : Fricke-KIein, Vorlaiaigm ii6er 
dU Tkeorif dtr aalomorphen Famiionta, vol. 1, pp. 44-^9. 
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X' -1 ^^^ X ^1 

X' + l"^ x+i' 

and is a lozodromic Bahstitution when a 4> 0, /3 ^ 0, an elliptic 
substitutioQ wheD a ^ 0, ^ '^ 0, and a hyperbolic substitution 
Trhen a^ 0, ^=0. The corresponding substitution of a;,, is 
readily computed to be 

x\ = x^ cosh a — Xg sinh a, 

=- a;, C09 (8 — iCj sin )8, 

>= Xj sin /3 + Xj cos /3, 

x^ — — X, sinh a + Xg cosh a, 

and the distance I between two corresponding points is determined 
by the equation 

cosh Issi ~ x\x^ — XjXj — x'^x^ + x^x^ 

— — (xj + a^) cos /3 + (xj — X*) cosh a 

= cosh a + {x\ + xj) (cosh a — cos j3). 

If a =» 0, every point on the line x, = 0, ic, = is fixed. Hence 
an elliptic substitution can not occur in the group of the space. 
1£ a t^ 0, I ^ a. Hence hyperbolic or lozodromic substitutions 
may occur in the group. 

Consider next a parabolic substitution of X by which only one 
value of X is unaltered. By proper choice of the coordinate sys- 
tem this substitution may take the form 

X' = X + a 

and the corresponding substitution of x. is 



^^'>(.-.). 



D,t„db, Google 



FORMa OF NON-EUCUDEAN SPACE. 73 

, a + a i(d— a) aa , . 

'^0 = »!» + —2- *i + 2 — *» + "2" ^"'» ~ ^^' 

The distance / between two corresponding points is ^ven hj 
the equation 

cosh ^ = 1 + -s" (iCj — x^. 

There is no fixed point in finite space, for the aasumption x^ ~ x^ 
carries with it the equality 



We may however find corresponding pointe whose distance 
apart is less than any assigned quantity. For if we take y^ to 
represent any point, the coordinates 

«i = *-?!> «i = ^Ss. ^3 = ^y* + M, ^9 — Xjo + fi 
represent a point for all values of \ and f* which satisfy the 
relation 

The dbplacement I of the point x^ is determined by 

coshf-l + y\^y,-y^, 

and / can be made as small as we please by taking X sufBciently 
small. Hence a parabolic substitution can not occur in the group 
of the space. 

We may have th^n as aUotoabte ffrotipa of a Ctiffbrd-Kletn space 
of constant negaHoe ewrvatare only iKoae whicfi con-eepond to groups 
of linear sabstiiutiom of X which are properly discontinuous when 
inierpretad in £ and oomtain only hyperbolic and loxodromic sub- 
«fifidton«. 

The more minute discussion of the Cliflbrd-KIein space depends 
therefore upon the knowledge of the groups called by Poincar^ 
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the Kleinian groups. It is worth noticing that whereas in the 
group theory the greatest attention has been pud to Kleinian 
groups with elliptic and parabolic substitutions, it is exactly these 
groups which are of no interest in the geometric problem before 
us. Geometry here waits for the development of the theory of 
groups. 
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8EUECTED TOPICS IN THE THEORY OF DIVER- 
GENT SERIES AND OF CONTINUED FRACTIONS. 

By EDWARD R VAN VLECK. 

Part I. 

Lectures 1-4. Diverqest Sebies. 

It may not be inappropriate for me to preface the first four 
lectures with a few words of a general character oonoeraing diver- 
gent series. These will serve the double purpose of indicating 
the nature of the problems to be treated and of binding together 
the separate lectures. 

The problem presented by any divei^nt series is essentially a 
functional one. When a diveigent series of numbers is given, its 
genesis is usually to be found in some known or unknown funo-. 
tion. The value which we attach to it is defined as the limit of 
a suitably chosen convet^nt process, and the elements of the proc- 
ess are the terms of the given series or are functions having these 
terms for their individual limits. Most commonly the given 
numerical series 

a, -f- a, -J- Qj -I- ■ ■ ■ 

is connected with the power series 

(1) a, + a^x + a^ -!■■•■, 

and the question thus reduces to that of determining under what 
conditions or restrictions a value may be assigned to the latter 
series when x approaches 1. The primary topic therefore is the 
divergent power series, and to this we shall confine our attention 
exclusively. 

This topic, if broadly considered, presents ilsdf under at least 
four very different aspects. What is given is in every case a 
power series with a radius of conveigeuce which is not infinite. 
Suppose first that the radius is greater than zero and that the 
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circle of convergence is not a natural boundary. Then the series 
defines within this circle an analytic function. In the r^ion of 
divei^nce without the circle the value of the function may be 
obtained by the familiar process of analytic oontiauation. The- 
oretically the determination of the function is a satisfactory one, 
for Poinoari * has shown that the function tltrougbeut the domain 
in which it \b regular can be obtained by means of an enume- 
rable set of elementa, PJx — a_). Practically, however, when 
Weierstraas' process is employed for analytic continuation, the 
labor is so excessive as to render the process nearly valueless 
except for purposes of defioition. Hence to-day a search is being 
made for a workable substitute. I may refer particularly in this 
connection to the investigations by Borel and MiUag-Leffler. As 
I consider the work of the former to be both su^estive and 
practical, I have taken it as the basis of my second lecture. 

A second aspect of our topic, intimately connected with the 
continuation of the function defined by (1), is the determination 
of the position and character of it« singularities in the region 
where the series diverges. This subject is treated in Lecture 3. 

When the circle of convergence is a natural boundary, it does 
not appear to be impossible, despite the earlier view of Poincar4 
to the contrary,! to discover, at least in a certain class of cases, 
an appropriate, although a non-analytic mode of continuing the 
function across the boundary into other r^uns where it will be 
again analytic. The thesis of Bordand its recent continuation in the 
Acta MathenuUica, together with some excellent remarks by Fabry,X 
appear to be about all that has been done in this direction. A very 
brief discussion of the subject will be given in the fourth lecture 
in connection with aeries of polynomials and of rational fractions. 

Lastly, we have the conundrum of the truly dJvei^nt power 
series — the series which converges only when x = 0. It is upon 

*Bendicimti del Cu-eoto Maiemaiu» di Palermo, vol. 2 (1888), p. 197, or bm 
Bonl'i TlitorU del foneiioru, p. 53. 

t The concluaions of Poiacarf and Borel are not actuall; incoiuutenl, but a 
new point of view U taken bj the lUter. 

tOompt. Send., vol. 128 (1899), p. 78. 
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this interesting problem that our attention will be especially 
focused in the first two lectures. In applying henceforth the 
term divergent to power Beries, I shall restrict it to series having 
a zero-radiuB of convergence. 

I shall offer no excuse for any irregularity or incompleteness of 
treatment. The admirable treatise by Borel on Les SirUa diver- 
gent^ (1 901) and the masterly little book of Hadamard, La SMe 
de Taylor et eon prolojigemetU analytiqae (1901), leave little or noth- 
ing to be desired in the line of systematic development. While it 
is impossible not to repeat much that is found in these books, I 
have also supplemented with other material and sought to give as 
fresh a preseotation as possible. 

Lecture 1. Asymptotic Convergence. 

Few more notable instances of the difference between tfaeoretical 
and practical mathematics are to be found than in the treatment 
of divergent series. After the dawn of exact mathematics with 
Oaucky the theoretical mathematician shrank with horror from the 
divergent series and rejected it as a treacherous and dangerous 
tool. The astronomer, on the other hand, by the exigencies of his 
science was forced to employ it for the purpose of computation. 
The very notion of con vergence is said by Poincar^* to present itself 
to the astronomer and to the mathematician in complementary or 
even contradictory aspects. The astronomer requires a series which 
converges rapidly at the outset. He cares not what the ultimate 
character may be, if only the first few terms, twenty for example, 
suffice to compute the desired function to the d^ree of accuracy 
required. Consequently he judges the series by these terms. 
If they increase, the series is for him non-convergent. To the 
mathematician the question is not at all concerning the nature of 
the series ab initio, but solely concerning its ultimate character. 

Let me illustrate the difference by referring to BesaePa series 



•'.= 



2"n"! y ~ 2(271 + 2) "'" 2.4(2n + 2) (2n + 4) )' 

* Lt» mtlhodet novMllei de la v^eamque c&aU, vol. 2, p. 1. 

Dicized by Google 



78 THE BOSTON COLLOQUIUM, 

which is a eolution of the equation 

This is convergent for all values of x, but when x is very large 
the series is worthless for computation owing to the rapid and 
loug-oontinued inorease of the terms before the convergence finallj 
sets in. The astronomer and physicist therefore have been driven 
to use for large values of a; an expansion which is of the form * 

^aj-iainajf ^, + -^ + ^*+ - - . J 

+ Bic-*cosa;(5, + '+-* + ••-), 
or, what is the same thing, 

cr.-.(cn-5 + 5 + ...) 

Here the multipliers of Caud D are only formal solutions of the 
differential equation (2), In respect to convergence they have a 
character exactly opposite to that of J^, since for very large values 
of X the terms at first decrease rapidly but finally an increase 
b^ns. At this point the computer stops and obtains a good ap- 
proximate value oft/,. 

What is the significance of this ? It is strange indeed that no 
attempt was made to study the question until 1886, when Poin- 
cturt t and SUd^es X ^multaneously took it up. That so evident 
and important a problem should have been so long ignored by 
the mathematician emphasizes strongly the need of closer toach 
between him and the astronomer and the physicist Both Poawari 
and Stidtjes r^;arded the series as the asymptotic re p rss e nt at i ou 

* 8m, for eiimple, G»j and Mubew** Treatite on Bt»»d Fmie^imt, chip. A. 

iAtta Math., vol. 8, p. 295 B. 

t Tkttit, Ann. de PEe. Nor., aer. 3, toL 3, p. 20t. 
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of oue or more fuDotiotiB. While the l&tter writer studied care- 
fully certain divergent series of special importance with the object 
of ohtaining from the series a yet closer approximation to the 
function by a species of iaterpolation, Poincari developed the 
idea of asymptotio representation into a general theory. 

To explain this theory * and at the same time to develop certain 
aspects scarcely considered by Poincari, I shall start with the 
genesis of a Taylor's series. Take an interval (0, a) of the posi- 
tive real axis, aod denote by ^x) any real function which is con- 
tinuous and has n + 1 successive derivatives at every point within 
the interval. No hypothesis need be made concerning the char- 
acter of the function at the extremities of the interval except to 
suppose ihatf(x),/'(x), ••;/"Xx)}nl have limiting values a„ n„ 
■ ' ■, a, when x approaches the or^n. Thus the function at any 
point within the interval will be represented by Taylor's formula : 

/(_x) ^a^ + a^x + a^+■.■ + ay + /- q:^, /'"*'* (^e) 

If the function is unlimitedly differentiable aud limiting values 
of/''''(x)/n ! exist for all values of n when x approaches 0, the 
number of terms io the formula can be increased to any assigned 
value. Thus the function g^ves rise formally to a series 

(1) a, -I- a^x + a^ + ■ ■ ■ , 

uniquely determined by the limiting values of the function and its 
derivatives. 

The converse conclusion, that the series determines uniquely a 
function fulfilling the conditions above imposed in some small in- 
terval ending in the ori^n, can not, however, be drawn. This is 
not even the case when the series is convergent. Suppose, for 
example, that a, = for all values of n. Then in addition to 

• Cr. Peino, AtH dOa R Aeead. dOe Seienxe di Torino, vol. 27(1891), p. 40; 
reproduced Ks Anhang III ("Ueber die Taylor'Khe Fomwl") in Qeaocchj- 
Peano't Difirtntial- und Tttttfrvt-Btehnvng, p. 359. 
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/(«) at we have the functions c""', c""^, ■ ■ ■ , which fulfill the 
aasigaed ooaditious. They are, namely, unlimitedly diflerentiable 
withiu a positive interval tenninating in the origin, aud when x 
approaches the origin from within this interval, the functione and 
their derivatives have the limit 0. From this it follows imme- 
diately that if values other than zero be prescribed for the a^ the 
function will not be nniquely determined, since to any one deter- 
mination we may add constant multiples of e"*^, «"■'•', ■ ■ ■ . 

Inasmuch as the correspondence between the function and the 
Beries is not reversibly unique, the series can not be used, in 
general, for the computation of the value of the generating fimo- 
tJon. Nevertheless, although this is the case, the series is not 
without its value. For consider the first m tenna, m being a 
fixed int«^r. If :r is sufficiently diminished' in value, each of 
these terms can be made as small as we choose in comparison with 
the one which precedes it, aud the series therefore at the be^n- 
ning has the appearance of being rapidly convergent, even though 
it be really divergent. Evidently also as ar is decreased, it has 
this appearance for a greater and greater number of terms, if not 
throughout its entire extent. Now by hypothesis the generating 
function was unlimitedly difierentiable within the interval, and 
the Buooessive derivatives are consequently continuous within (0, a). 
Hence if the interval is sufficiently contracted, /<"*''(a;}/(i»+ 1)! 
can be made as nearly eqiuil to a^^^ throughout the interval as is 
desired. We have then for the remainder in Taylor's formula : 

W «.+,W-^^^'»^'-».t,»^+'Ci + t) (|t|«), 

in which e is an arbitrarily small positive quantity. Consequently 
if the first m + 1 terms of the series should be used to compute 
the value of the generaUug function, the error committed would 
be approximately equal to the next term, provided at be taken suf- 
ficiently small. 

In these considerations there is, of course, nothing to indicate 
when X is sufficiently small for the purpose. If the result holds 
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simultAneously for a large number of consecutive values of m, the 
best possible value for the ftioction consistent with our iDforma- 
tioQ would evidently be obtaioed by carrying the computadon 
until the term of least absolute value is reached and then stopping. 
Herein is probably the justification for the practice of the com- 
puter in so doing. 

Equation (4) which gave a limit to the error in topping vnth 
the (m + l)th term shows ako that this limit grows smaller at x 
diminishes. Since, furthermore, by increasing m suffiiuently the 
(fft + 2)th term of (I) may be made small in comparison with the 
(m + l)th term, it is clear that on the whole, as x diminishes, we 
must take a greater and greater number oj terms to secure the best 
approximation to the/anetion. These two &ct8 may be comprised 
into a single statement by saying that the approximation given 
by the series is of an asymptotic character. This will hold 
whether the series is convergent or divet^nt. 

This notion can be at once embodied in an equation. From (4) 
we have 

(5) ii„/fe)r-''--^ y "-'^ 

.lun%*l'_0 (»-l,2,...). 

This equation is an esact equivalent of the two properties juet 
mentioned and is adopted by Poincari * ae the definition of asymp- 
totic convergence. More explicitly stated, the series (1) is said 
by him to represent a function f{x) asymptotically when equation 
(6) holds for all values of m. 

It will be noticed that this definition omits altr^ther the 
assumptions concerning the nature of the function with which we 
started in deriving the series. Not only has the requirement of 
nnlimiteil difi^erentiability within an interval been omitted but the 
existence of right-hand limits for the derivatives as x approaches 
the origin is not even postulated. If the value a^ be assigned to 
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die fuDCtioD at th« origin, it will have a first derivative, a„ at thia 
point but it need not have derivatives of higher order.* 

The exclusion of the requirement of differentiability hae un- 
doubtedly its advantages. It enlui^es the class of functjons which 
can be represented asymptotically by the same series. It also 
simplifies the application of the theory of asymptotic representa- 
tion, and this is perhaps the chief gain. The results of Poiniarf?a 
tJieory can readily be surmised. The sum aad product of two 
functions represented aaymptotically by two given series are 
represented asymptotically by the sum- and product-series respec- 
tively, and the quotient of the two functions will he represented 
correspondingly, provided the constant term of the divisor is not 0. 
Also if /(x) is any function represented by the series (1), whether 
convergent or divergent, and 

*(») - 6o + 6,x + 6^' + . . ■ 

is a second series having a radius of convergeooe greater than | a, |, 
the asymptotic representation of ^[y(x)] will be the series wfaidi 
is obtained from 

*» + *iK + a,* + ■ ■ ■ ) + *»(«» -I- a,* -I- ■ ■ • )• -I- ■ ■ • 

by rearranging the terms iu ascending powera of x. Lastly, the 
intcffral o( /{x) will have for its asymptotic representation the 
term by term int«gral of (1). But the correspondence of the func- 
tion and series may be lost in differentiation, for even if the 
function permits of differentiation, its derivative will not neces- 
sarily be a function having an asymptotic power series. Examples 
of this hind can be readily given.f 

* The ordinary defioitlon of ao nth derivtlireit hereaaMinied. If, hoir«Tei, 
we defiiM the second derivative hj the eiprenioa 

r(o)=ih;ffl?t-^.-l±S5). 

kod the higher derivativee in similar fashion, the tuDction must have derivalives 
of all orders. 

t Cf. Borel, La Sirit* ditergta/tt, p, 35. 
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This failure is on many accounts an unfortunate one. If a 
further development of Poincar^s theory is to be made — and this 
seems to me both a possibility and a desirability — his definition 
probably should be restrioted by requiring (a) that the function 
corresponding to the series shall be uulimitedly difierentiable in 
some interval terminating in the, origin, and (&) that the deriva- 
tives of tlie function ehoald correspond asymptotically to the 
derivatives of the power series. These demands are satisfied in 
the case of an analytic function defined bya convergent series and 
seem to be indispensable for an adequate theory of divei^nt 
series.* 

Thus &r we have considered asymptotic representation only for 
a ^ngle mode of approach to the origin. Suppose now that an 
analytic function of a complex variable x is represented by (1) for 
all modes of approach to the origin, and let a^ be the value assigned 
to the function at this point Then if the function is one-valued 
and analytic about the origin, it must also be analytic at this point 
since it remains finite. Hence the series must be convergent. 

The case which has an interest therefore is that in which the 
asymptotic representation is limited to a sector terminating in the 
ori^n. Suppose then that (1) is a given diveif;ent series, and let 
a function be sou^t which fulfills the following conditions : (a) 
the function shall be analytic within the given sector for values of 

* These reqairementi are {onDulsted from a rouhematicat staDdpoint with a 
riew to eiteDding the tbeorj of aDal^tic functioiu, and doubtleas will be too 
stringent for Tarioos aatronomicitl investigations. Prof. E. W. Brown Buggeeta 
that for euch investigaliong the conditions might perhaps be advantageoasl; 
modiRed by making the requirements for onlj m deriratives, m being a number 
which varies with x and increases indefinitely upon approach to the critical point. 
He also points out the difficulties of an extension in the case of numerous astro- 
nomical seriefl which have the form /(z, t) =:af\- a,x -)- Oiz' -h ' ' '< where a, is a 
function of i and (, ^/dtbeinga convergent series. Poincar^'s definition is how- 
ever still applicable. 

Oftentimes in celestial mechanics the only information concerning the func- 
tion sought is afforded in the approximation given by the asymptotic series. An 
objection to Poincar^'s definition is thai it presupposes a knowledge of the func- 
tion sought, for example, that lim f{x) ^Og, when z = 0. Aa a matter of fact 
the properties are often unknown. See in this connection p. 89 of these lectares. 
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X which are sufficieDtly near to the origin ; (6) it shall be repre- 
sented asymptotically by the given series within the sector, whether 
inolouve or exclusive of the boundary will remain to be deter- 
mined ; (c) the asymptotic representation shall not be valid if the 
angle of the sector is enlarged. So far as I am aware, the exist- 
ence of a function or of functions which meet these requirements 
has never been demonstrated, though it seems likely that they in 
general exist. It is, however, very possible that the sector must 
be restricted in position as well as in magnitude. It may be 
found necessary to require that the interior of the sector shall 
not include certain arguments of x; for example, in the case 
of the series Smlx*** the argument 0, for which the terms 
have all the same sign, f If this be true, the sector will 
very probably have two such ai^uments for its boundaries. 
When there is a function which satisfies the conditions im- 
posed, it can not be unique. For clearly e""', e~"' , e~^" , •■■, 
within certain sectors of angle v, 2ir, Zv, ■ ■ ■, have an asymptotic 
series in which eadi coefficient is 0. If, then, any function has 
been obtained satisfying the conditions et«ted, one or more of these 
exponentials, afW multiplication by suitable constants, may be 
added to the function without destroying its properties. Hence 
if a divergent series is to represent a function uniquely, supple- 
mentary conditions must be imposed. The nature of these condi- 
tions has not yet been ascertained. | 

Id closing the general discussion a simple extension of the 
notion of asymptotic convergence should be mentioned which is 
necessary for the applicatione to fiillow. F{x) is said to be repre- 
sented asymptotically by 

^(x) {a^ + a,x + a^ H } 

* Thii series is discuMed in tlie next lectuK. 

fBorel {toe, at, p. 36) In big exposition of Poinor^x theory seema to make 
the definite ilalenieDl that there are ailments for which no corresponding func- 
tion exists, but I am nnible to find snv proof of the Blatemeot 

t In this connection see pp. 69-92 of Borel'E article, ^nn. deFEe. lior.,»er.3, 
vol. 16 (1899). 
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wlien the series in pareothesis gives such a representatioD of 

The applications of Poincar&s theory have been made chiefly 
in the province of differential equations* where divergent series 
are of very commoQ occurrence. We will take for examination 
the class of equations, of which the theory is perhaps the most 
widely known, the homi^neouB linear differential equation with 
polynomial coefBcients : 

(6) -P»S + -P.-,(«')£a+ ••• + PI')S-^- 

This \s, in &ct, the class of equations to which Poincari first 
applied hia theDry,t but his discussion of the asymptotic repre- 
sentation of the integrals was limited to a single rectilinear mode 
of approach to the singular point under consideration. The de- 
termination of the sectors of validity for the asymptotic series 
has been made by Hom,X who in a nnmber of memoirs has care- 
fully studied the application of the theory to ordinary differential 
equations. § 

As is well known, the only singular points of (6) are the roots 
of PJ^x) and the point x = ao. For a regular singular point || we 
have the familiar convergent expressions for the intends given 
by Fuchs. Consider now an irregular singular point. By a linear 
transformation this point maybe thrown to oo, the equation being 
still kept in the form (6). Suppose then that this has been done. 
\i P^ is of the j>th degree, the condition that a;= oo shall be a 
regular singular point is that the d^rees of P,_,, P,_„ ■ ■ ■ , P, 
shall be at most equal to p — I, ^ — 2, ■ ■ ■ , p — n, respectively. 

For an irregular singular point some one or more of the 
degrees must be greater. Let h be the smallest positive int^r 
for which the degrees will not exceed successively 

* In additteirto the memoin cited below Poinckr^s Lu miUwdet tuntvdla d" la 
mlamique cHale and various memoira hj Kneaer maj be conmilled. 

^ Ada Mmh., vfj], 8 (1886), p. 303. See aieo Amer. Jour., Joh 7 tl9^)>p.203. 
iMalk. Arm., vol. 50 (1898). p. 525. 

I flee TftriouH articles in Cr^lt'i Jvumalaad the JfaM«»uiJweft« AmaUu. 

II SldU der Bei^immlheU. 
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p + {k-l), p + 2(A-l), p + Bik-1),.... 

The Dumber h is called the niiik of the siogular point oo, and the 
differeDtial equation can be satisfied Tormally by the aeries of 
I%omae or the aoH^lled normal series : 

(7) 5, = «^--^''"-^—M-.v(c, + % + %^+...) 

(i-1, 2, ■■■,«). 
Unless certain exceptional conditions are fulfilled, there are n of 
these expansions, and in general they are divei^;ent. To simplify 
the presentatJon let us confine ourselves to the case for which 
A s 1. Then at least one of the polynomials succeeding P^ will 
he of the pth degree, and none of higher degree. Place 

-f*- - -^.»' + -S.*'"' +■■■> 



and construct the equation 

(8) ^,a" + -4,-,a""' + -- + A^~0. 

The n roota of this equation are the n quantities a^ which appear 

in the exponential components of the S.. 

As a particular illustration of the class of equations under con- 
sideration, BesaePa equation ( Exj. (2) ) may be cited. Here the 
point CO is of rank 1, the characteristic equation is 

A^<^ + ^lO* +A^mcr'+l^O, 
with the roots 

",--•'. «,= + '■. 

and the two Thomaean integrals are 

cii.odbiGooglc 
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in which p^, p^ are yet to be ascertained. After this has been 
done, the coefficients of (9) can be determined by direct substitu- 
tion in (2). 

To avoid complicstions we will assume that the n routs of the 
characteristic equation (8) are all distinct, also that the real parts of 
no two roots are equal. Mark now in the complex plane the points 
a^i a^ ■■ ; a,, and draw from them to infinity a series of parallel 
rays having such a direction that no one of the rays with its pro- 
longation in the opposite direction shall contaio two or more of 
these pointfl. Finally surround the points a, with smalt circles, 




60 (hat we shall have the familiar loop circuits for the paths of 
integration of the integrals which we now proceed to form. Put 



(10) 



. f'ri,Jiz)dt 



(i-l,..,«), 



in which v/z) is a function to be subsequently fixed. In order 
that the integral may have a sense, x will be so restricted that the 
real part of zx shall be negative for the rectilinear parts of the 
loop circuits. We can then so determine Vf(z) that t)^ shall be a 
solution of (6). 

For this purpose substitute ij^ for y in (6). A reduction, based 
on the int^ration of (10) by part*,* gives for pj(z) the equation 

(11) (X.!- + 4_,*-+--+^.)5+-.-+( )._0, 

This is known as Laplae^a transformed equation. While the 
original eqnation was of the nth order with coefficients of the pth 



• Cf. I^eard's TntiU iTAiuUyK, vol. 3, p. i 
vol. 7 (1886), p. 217 ff. 



r Poincar^, Amei; Jmt., 
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degree, the transform is of the pth order with coefficUnte of the nth 
degree. Its singular points in the finite plane are the roots of the 
first coefficient of (11), whii'h is identical with the leil hand mem- 
ber of (8), Furthermore, an inspection of (11) shows immedi- 
ately that each of these singular points a. is regular, and the 
exponeuts which belong to it are 

0, l,2,-.;p-2,^,^-(fi,+ l) (.--1,2, . ..,«), 
io which p, IB the exponent of x, hitherto undetermined in (7). 
Hence if ^^ is not an int^er, there is an integral of (11) having 
the form 

(' - ■»/<*. + ',(» - ",) + U' -",)■+•• •), 

which, when cootinued anslyticallj', can be taken as the function 
V,. Thus for the solution of (6) we obtain 



>,-/»"(- 



. If, finally, a^ + yjx is substituted for z the integral becomes 

(1 2) ij, = e«'x-'''-'=« Je'/'(A„ + i, ^ + t,^. + . . .)dy, 

where the transformed path of int^ration is a loop circuit which 
encloses the origin of the y-plane, the rectilinear portion of the 
path lying in the half plane for which the real part of y is nc^tive. 
We have thus reached a solution of the differential equation 
under the form of an improper intend of a convergent series. 
The integration of (12) term by t^rm, which is a purely formal 
process, gives at once the normal integral S^ of (7), in which 

The attymptotic cliaraoler of S^ cati be quickly demonstrated.* 
For let u'KJ^ii) denote the remainder after n terms of the series 



"Horn, l<K cit., or Aaa MatL, vol. 24 (1901), pp. 299 fl. 
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'^{v-"^' -[''.+ :,•+■■■ +-pj\ 

Since the integral in the right hand member, taken along the loop 
circuit, can be Bhown to remain finite when x>= <x>, we have 



lima;" 



k— "-(o.+%+ ■+%-)l-»- 



But this is the statement of Poincarfs definition of asymptotic 
convei^enee for a; = oo. 

I have sketched this lengthy process in some detail because it 
is a thoroughly typical one and indicates the present status of the 
theory of asymptotic series. It will be observed that the follow 
ing course is pursued : 

1. First, it is discovered that the differential equation permits 
of format solution by a certain divergent series. 

2. By some Independent process tlie existence of an actual solu- 
tion is ascertained which permits formally of expansion into the 
series. Usually the solution is found under the form of an inte- 
gral, and Horn lias applied the theory chiefly in cases in which 
solutions of this form were known. (Lately, however, be has 
nsed solutions obtained from the differential equation by the 
process of successive approximation.*) 

3. The asymptotic character of the series is tlien ai^ued and, 
finally, the sector within which this representation is valid is 
determined. 

The status of the theory thus exhibited seems to me an unsat- 
isfactory and transitional one. It is to lie hoped that ultimately 
the theory will be so developed that the mere existence of a diver- 
gent power series as a formal solution of the differential equation 
will be suflicient for the immediate affirmation of the existence of 
one or more solutions which are analytic functions with certain 
specified properties. 

* Jtfaik. Ann., vol. 51 (1S98), p. 346. In CMU'b Jountai, vol. 118 (18S7}, 
»lill BDotlier melhod ia used tor oblaining tbe wlntions. 
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It remains yet to fix the sectors within which the solutions ij^ 
can be represented asymptotically by the normal int^rals. These 
sectors have been specified by Horn * in the following manner. 
Let straight lines be drawn from each singular point a^ to every 
other point and produce each joining line to infinity in both direc- 
tions. A set of lines will be thus fixed, radiating from the point oo. 
Let thdr arguments, taken in the order oF decreasing magnitude, 
be denoted by 

B)|, (Uj, ■ ■ ■ , W^ ^r+l ^ "l — "") ' ' ' ) *"*■ °^ "r — "^^ 

Suppose now that the ailment of the rectilinear part of the 
]>ath of int^ration for i;, in the plane of 2 lies between a^_^ and 
w^. Then i}^ is represented asymptotically by 8^ for values of the 
argument of a; between w/2 — m^_, and Trf2 — «p+,.t 

To tlie general solution of (6), c^t|^ + c^i;, + ■ ■ ■ + c^ij^, tliere 
corresponds the divei^nt expansion 



(13) 



(c c \ 
^1 + -^ + -^ + ■■■) + 

(c c \ 
^■+-«- + ir +■■•)■ 

Here the real parts of two exponents, a^ and a^, are equal only 
when arg (a^ — a)x is an odd multiple of 7/2 ; that is, when org x 
is equal to ir/2 — w. (i^ 1, ■■ ■ , 2r). Suppose then that tor 

•jt/2 — «»|,_j < org x < ir/2 — Wj,^.^ 

we so assign subscripts to the a^ that 

R(afl!) > R(a^) >■■■> majB). 

Then all the integrals for which c^ 4" ^ h&ve in ccHnmon the 
asymptotic series c^S^, while those for which c, = c, = . . . = c,_„ 

•Horn, Muk. Am., vol. 60 (1SS8), p. 631. 

fin certain cues the Mjmptotic repreMDtation may be valid for a graater 
nnge of values of the at^moit of i, as in the case of Besset'e equation discussed 
below. 
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C; + 0, are represented by c^S.. Thaa it appears that between the 
argumeots considered S^ is the only one of the n asymptotic series 
S, which defines a solution of the differential equation (6) uniquely. 
CSiaDges in the asymptotic series representing a solution may 
occur from two causes, either because x passes through one of the 
critical values above mentioned for which there is a change in the 
dominant exponential in (13), or because of a sudden alteration in 
the values of the constants c^ for certain values of the argument. 
This can be made clear, tn conclusion, by illustrating with Bess^a 
equation.* For this equation, as we saw. 



Also «nce Laplac^a transfonn for the particular case before us is f 

(»'+i)S+34l+(>=<'' 

the exponent p^ for ^ther of the two singular points z = ±i has 
the value — }. Accordingly the series (13) for c,»;, + Cjij^ may be 
written 



(Var" 



+ B<r'^-''(B. + 5l + S + . . . \ _ cV(x) + I>V(x), 

as previously ^ven in (3). If the imaginary part of x is nega- 
tive, GU(x) is the dominant term in (3) and gives the asymptotic 
representation of the general solution, c,ij, + c^rj^. On the other 
band, if the imaginary part is positive, the dominant term is 

* A briet but very intereating ducotsion is given in r letter of Stokes in the 
Ada Maih., toI. 26 {1002), pp. 39»-897. Compu* ■]» ^3 of Horn's irticle, 
it<M. Am., vol. 50 (1898), p. 626. 

\MaA. Am., vol. 60, p. &39, £q. B'. 
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D V(x). The changes in the value!? of C and D take place ooly 
when ai^ x passes through the values (2n + l)ir/2. Then the 
coefficient of the dominant term remains unaltered, while the coeffic- 
ient of the inferior term is altered by an amount proportional to the 
coefficient of the dominant term.f We conclude, therefore, that 
in general the asymptotic series for any solution of BeaeePa equa- 
tion changes abruptly for values of the argument congruent with 
(mod it). Furthermore, the series can not be valid for a 
greater range of values of the argiiment unless when arg x ~ 0, 
either i>— or C— 0. Id the former case we have a particular 
solution Crj, which is represented by the series CL\x) for 

— IT < arg X < 2Tr, 

and in tlie latter case a solution Dtj^ represented by D V(x) for 

— 27r <; ai^ X <^tr. 

Thus from the infinitely many solutions of £«88er« equation ha%'ing 
the common asymptotic representation CU{x} and D^\x) respec- 
tively, these two solutions can be singled out by the requirement 
that the asymptotic representation shall have the maximum sector 
of validity. 

Lecture 2, The Application of Integrals to DicfryetU Series. 

In the first lecture a divergent scries van connected with a group 
of functions, for which it affiirded a common asymptotic represen- 
tation. In the present lecture I shall treat of methods which 
have been used to derive a function uniquely from the series. 
To establish, whenever possible, such a unique connection, to 
develop the properties of the function, and to determine the laws 
and conditions under which the series can be manipulated as a sub- 
stitute for the function — this may be said to be the ultimate aim 
of the theory of divergent seiiea. 

Up to the present time this goal has been reached only for a 
restricted class of divergent series. Furthermore, the uniqueness 

tStok«,/oe. «■(. 
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of correflpondeace between the fuDctiou and the series has been 
attained, not by a specification of the properties of the function, 
but by means of some algorithm which, when applied to the series, 
yields a single function. Unquestionably the instrument by which 
tJie greatest progress has been made thus far is the integral. The 
first successes, however, were reached by Lagverre * and Stieltjeg f 
through the use of continued fractions, and very possibly in the 
end the continued fraction will prove to be the best, as it was the 
earliest tool. But as yet it has been applied only in cases in which 
the function can be represented under the form of an integral as 
well as of a continued fraction, although with greater difficulty. 

To explain the use of integrals let us consider the familiar 
divergent series treated by Ijagucrre, 
(!) l + «+2!ai*+3!«*+ ■-. 

This is, I believe, historically the first divergent series from which 
a functional equivalent was derived, X Since 

•See Ko. 20 of the bibliography at the end of lectnre 6. 

t Bibliography, No. 2Sa. 

ilMgaem(loe. ctJ.)K>Tea the function fint in the form of a contin a ed fraction 
and later proves its identity with the integral which gives rise to the divergent 
Beriea. Borel at the opening of the second chapter of La Seriet divergmiet remariu 
that " Ldgnerre parait avoir le premier montr£ nettement 1' utility qu'il pent j 
avoir i transformer une H^rie divergente ... en uoe fraction continue convei^ 
genie." It seems almost to have escaped aotica (see, however, p. 110 of Pringa- 
liMm's report, EneykhpadU dtr MaA. Watenkhaflm, I A 3), that Euler ( Biblio- 
graphy, No. 46) derived a continued fraction from the divergent leriea 

1 + Dtc + m(m + n)!" + m(ni f «) {m + 2n):r' + ■ ■ ., 

of which Laguerre's series is a special case, and clearly realizes the utility of (he 
continued fraction. Moreover, acloee parallel to the conrse followed by Laguerre 
is found in the work of Laplace who derives from the expreasion 

■ divergent series and from this in turn a continned fraction, the convergents of 
which wore stated by him and proved by Jacobi to be alternately greater and less 
than the eipression. Had Jacobi proved also the convergence of the continned 
fraction, the work of I.agnerre would have had an exact parallel for real valuea 
of z. Cf. No. 47 of the bibliography. 
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ml _ r(ni + 1) = I e-'j"(fa, 

the series may be written 

I «-*da + x i e~'zth + 7? I e-'z'di 

the path of iDt^r>t><>» being the positive real axis. If, then, by 
a merely formal process, the sum of the integrals is replaced by 
the integral of the sum, we obtain 

(2) /(;B)-jr€-F(«c)rf*, 

in which 

mtx) « ^ — 

\ I 1 — 23! 

The function thus derived is an improper int^ral which has a 
significance for all values of x except those which are real and 
positive. It can be shown also to be analytic for all except the 
excluded values of x. One of the simplest proofs is as a corol- 
lary of tlie following exceedingly fundamental theorem of Vallit- 
I^tmsshi,* which we shall have occasion to use again later : If in 
the proper irdegral 

th^ integrand ia cmitinuous in z and x for otf txUuea of z upon the 
path of inU^aiion and for all values of x within a region T; if, 
furthermore, for each of the aboBe vaiuea of z itia analytic in x over 
the rt^ion T, the itUegral wiU also be an analytic fundion of x in 
the interior of T. By this theorem, if t is a point on the positive 
real axis, 

J, i-ac 



*Ann. detaSoe. Seimi. de Brvjcdla, vol. IT (1892-3), p. 323. 
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wilt represent an anatytJo fimctioD of x over Any closed r^on of 
the x-plaoe which excludes the positive real axis. If, now, t 
passes through any indefinitely increasing set of values, 

we have io 



a series of analytic functions which is seen at once 1 
uniformly over the region considered, since 



W')-*)i-!X"i^l 



for sufEmently great values of i and_;. The limit (2) is therefore 
analytic. 

By deforming the path of integration the same conclusion coq- 
ceroing the analytic character of 

the function (2) can be extended ~ f » ^ 

to all values of x upon the posi- 
tive real axis excepting and oo, and when the deformation 13 
made on opposite sides of a fixed point x, the two values of the 
int^rat will be found to difl«r by 

(3) 2iJc-':. 

The integral acooidingly represents a multiple-valued function 
with the singular points and 00, the various branches of which 
differ from one another by multiples of the period (3). For the 
initial branch which was given in (2) the limit of /^•'{x)(nl will 
be the (n + l)th coefficient of (1) if x approaches the origin 
along any rectilinear path except the positive real axis. 

Let the process which has been adopted for the series of La- 
guerre be applied next to any other series 

(I) a, + a,3: + o^ + ■ . . 
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haviog a fiaite radius of converfinence. If we write the series id 
the form 

a^ + a,x + 2 l(^*Aa^ + ■ ■ ■ + n](^A3f' + ■ ■ ., 

then replace the factor n ! by its expression as a r-int^ral, and 
finally, by a step having in general only formal significance, bring 
all the terms under a common integral sign, we shall obtain 

Te- (l + a,xx + ^*,a!»s' +-.\(h. 

OP 

(4) r e-f-Xzxyiz, 
ill which 

(5) F{u) = 1 + o,K + l^j M» + - . . + -^",u" +;. . . («=.«). 

This iDt^ral is the expression upon which Bord builds his theory 
of divei^nt series, and may be regarded as a generalization of a 
very interesting theorem of Caemro.* The series (5) is called 
the aaaociaied series of (I). 

Two eases are now to be distinguished according as the funda- 
mental series (I) has, or has not, a radius of convergence R which 
is greater than 0. If the radius is not zero, the associated series 
has an infinite radius since 



lii 



i^^-^j-lim-^ ^^,^--^=0, 



and it accordingly represents ao entire function. It is a simple 
matter to prove that the integral (4) will have a sense if x lies 
within the circle of convergence of (I), and that the values ot the 
intend and series are identical. But the integral may also liave 
a sense for values of x which lie without the circle, and iu this case 
the integral may be used to get the analytic continuation of (I). 
*Cf. Borel, Let SMu divergentai, pp. 88-9H. 
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The serieH is said by Bord to be mmmahle * at a point x when the 
integral (4) has a meaning at this point. 

The second case is that in which the fundamental series is 
divergent. The associated series in this case may be either coo- 
vei^nt or divei^nt. If it is convergent only over a portion of 
the plane of u = zx, we are to understand by F(v) not merely the 
value of the associated series but of its analytic oontinuatiou. 
Let X for an instant be given a fixed value. Then when z 
describes the positive real axis, u in its plane describes the ray 
from the origin passing through the point x. If F{u) is holomor- 
phic along this ray, it is possible that the integral (4) will have a 
sense. Suppose that this holds good as long as x lies within a 
certain specified region of its plane. Then for this region a func- 
tion will be obtained uniquely from the divergent series by the use 
of the integral, precisely as in the case of the series of iMguare, 

This method of treatment is obviously restncted to divergent 
series for which the associated series are convergent, and it will 
not always be applicable even to these. A divergent series in which 
there is an infinite number of coefGcients of the game order of mag- 
nitude as the corresponding coefficients of 
(6) 1 + aj + (2 !)V + (3 !)V + . ■ ■ + (n !)V + . . . 

can not be summed in this manner. It will be noticed, however, 
that the series just given is one whose first associated series is the 
series of Laguerre, and whose second associated series is conse- 
quently convei^ent. 

The method of Bord can be readily extended so as to take 
account also of such series, or, more generally, of series that have 
an associated aeries of the nth order which ie convei^ent. One 
Diode of doing this is by the introduction of an n-fold integral. 
Suppose, for example, that in (6) one of the two factorials n ! is 
replaced by 



P 



* Some other term woald be preferable since hb definition refen onlj to one 
of mvaj possible modes of sammation. A series aa,j be simnlluieoailjr "som- 
mable" at a point x bj one metliod, and non-aumnuble bf another. 
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and the otber by 



e-'rdl. 
The (n + l)th term of the series becomes 



P 



^X'X"'"'- 



and ve obtain the two-fold integral 



ra 



for the functional equivalent of the aeries. This is a function, 
the initial branch of which is analytic over the entire plane of x 
except at the pointa and oo. 

^ye turn now to the oonsideration of the r^on of summability, 
in which x must lie in order that the integral shall have a sense. 
Bwti has determined the shape of this r^on when the funda- 
mental series (I) is convergent, but in so doing be restricts him- 
self to what be calls the absolutely mimmable series. The series 
(I) is said to be ahaolutdy gummable for any value of x when the 
integral (4) is absolutely convergent and when, furthermore, the 
successive int^rals 

m X''-i^?'h <'^-''^'-) 

have also a sense.* 

To fix the shape of the region Borel shows first that if a func- 
tion defined by a oonvei^nt series (I) is absolutely summable at 
a point P, it is analytic within the circle described upon the line 
OP aa diameter, connecting P with the origin O ; conversely, if it 
is analytic within and upon a circle having OP as diameter, it 
must be absolutely summable along OP, inclusive of the point 
*Tha condition (7] wui not originallj' inclnded in Borel'i defioitioa of afaao- 
lute RiromBtulitj [Ann. de PEt. tkr., atr. 3, Tol. 16, 1899), tad is miperflooQi 
in fixing the shape of the re^on. Ct. MaiK. Ann., toI. 65 (1902), p. 74. The 
modification of the definition waa introdaoed in the Sfriea duoergtnttt and ia 
needed for the developmenta explained below, p. 102. Chaptera 3 and 4 of this 
tnatiie can be read in connection with the preaent lectare. 
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P. Ab P moves oatw&rd from the origin along any ray, the lim- 
iting position for the circle is one in which it first passes through 
a singular point S, and at this point SP and 08 subtend a right 
angle. The region of absolute summability can therefore be 
obtained as follows : Mark on each itiy from the origin the 
nearest singular point of the function defined by (I), if there 
is such a point in the finite plane. Then through this point 
draw a perpendicular to the line. Some or all of these per- 
pendiculars will bound a polygon, the interior of which con- 
tains the uri^n and is not penetrated by any one of the perpen- 
diculars. This re^on is called the jxdygon of aummabilUy, If 
the singularities of the function are a set of isolated points, the 
polygon will be rectilinear. For the extreme case in which the 
circle of convergence is a natural boundary, the polygon and 
circle coincide. In every other case the circle is included in the 
polygon. Thus by the use of (4) Bord effects an analytic oon- 
tiunation of the series over a perfectly definite region whenever an 
analytic continuation exists. On passing to the exterior of the 
polygon the series ceases to be absolutely sununable. As an 
example of this result, take the series 

■'+? + ? + ■■•- 

which is the familiar expansion of \ log (1 + «)/(! — x). The 
singular points of the function are + I and — 1, the circle of 
convergence is the unit circle, and the polygon of summability 
is a strip of the plane included between two perpenditnilars to the 
real axis through the points ± 1. 

When the ^ven series is divei^nt, the form of the domain of 
summability has not been determined with such precision. The 
only information which we have upon the subject is contained in 
a brief but important communication by Pkragmen in the Comp- 
tea Refodus,* published since the appearance of BorePt work. 
Phragmen considers here the domain, not of absolute, but of sim- 
ple summability for Laplae^t integral 

•Vol. 132, p. 1396; Juno, 1901. 
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(8) j' e-f(2x)dz. 



in which y(za;) deaotes an arbitrary function. 

To adopt a term of Miiiag-Leffler, the domain is a "star," 
which ia derived as follows : Draw any ray from the origin. If 
the serin is Bummable at a point x^ of this line, Phraffrntn shows 
that it is Bommable at every point between x, and the origin O. 
There is therefore some point P of the line which separates the 
interval of summability from the interval of non-snmmability. 
If the fonction is summable for the entire extent of the ray, P 
lies at infinity. In any case let the s^ment OP be obliterated 
and then make a cut along the remainder of the line. When the 
same thing is done for every ray which termioatea at the origin, 
there is left, a region called a star, bounded by a set of lines radi- 
ating from a common center, the point at infinity. 

Pkragmtn says that the proof of this result is so simple that it 
can be given " m deux mote." For this reason I shall repro- 
duce it here. We are to show that if the integral converges for 
any value 9; — st^ it will also convei^ for as ^ dx„ if < ^ < 1 . 
Place 

For a; — !B, the real and imaginary componaits of the integrals, 

(9) J'<Kz)e-dz, ij'^zy-dz, 
have a senHe. Wc are to prove that the integrals 

(10) r^t^xffydz, r^{z0y'dz, 

obtained by replacing x, by f)x^, also exist. Consider either inte- 
gral, for example the former. Let < a, <a, < oo, and put 
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By the change of variable w = fe this becomes 

Since e~^"'~^* is a positive and decreasing function in tlie interval 
considered, the second mean-value theorem of the integral calculus* 
may be applied, giving 

(11) /=■ —g— *(w>-dw, 

in which a designates an appropriate value between a, and a,. 
This, as Pkraffmen says, proves the theorem, but a word or two 
of explanation additional to his " dewx mots " may not be unac- 
ceptable to some of my hearers. The necessary and sufficient 
condition for the existence of the first of tbe two integrals given 
in (10) is that by taking two values a, and a, sufficiently small or 
two values sufficiently large, the integral J may be made as small 
as we choose. Now this is true of 






<fi(w)er''dw 

since the integrals (9) exist, and equatioii (11) show then that it 
must be true likewise of J because the &ctor e~^"~*Ytf has an 
upper limit for 0<C, <tf<I and 0<a, <«. It follows 
therefore that the integrals (10) exist. 

Two other facte stated by Phragmen are also of interest. The 
function of x defined by (8) is a monogenic function which is holo- 
morphic at every point in the interior of a circle described upon 
OP as diameter. If, also, in place of /(ac) we take the associated 
series F{zx) of a convergent series (I), the star of convergence 
coincides with BoreTs polygon of absolute summability. Thus 
the regions of absolute and non-absolute summability are the 
same, or differ at most only in respect to the nature of the boun- 
dary points. 

'Boan^atQimt EneyUopadieder Math. Wiu., II A 2, { 36. 
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It might be tbonght that the result of Phragmen makes the con- 
cept of absolute summabilitj useless. This is, however, in no 
wise the case. At an^ rate, Bord. employs the concept to estab- 
lish the important oonclu^on that a divei^nt series, if absolutely 
summable, can be manipulated precisely aa a convergent series. 
Thus if two absolutely sommable series, whether oonvergent or 
divergent, are multiplied t^^ther, the resultant series will also be 
absolutely summable, and the function which it defines will be 
the sum or product of the functions defined by the two former 
series. Or, again, if an absolutely summable series is differen- 
tiated term by term, another such series is obtained, and the latter 
yields a function which is the derivative of the one defined by 
the former series. Lastly, the function determined by an abso- 
lutely summable series can not be identically zero, unless all the 
coefficients of the series vanish. 

These facts make possible the immediate application of Bord'a 
theory to differential equations. If, in short, 
P(a:, y, /,-.., y'-'j-O 
is a differential equation which is holomorphic in x at the origin and 
is algebraic in y and its derivatives, any absolutely summable 
series (I), which satisfies formally the equation, defines an analytic 
function that is a solution of the equation. For example, it will be 
fbund that the scries of Laguerre satisfies formally the equation 

and hence the function 



/•" e-'di 



must be a solution of the equation. 

These conclusions of Bord should be strongly empbasiaed. 
In any complete theory of divei^nt series it is an ultimatum 
that they shall in all essential points * permit of manipulation 

* Id an BfaHilulel; ■ummable nriM it is not alwajs legitimate (o change the 
ordar ot an infiiiit* nambM' of terms. Cf. Bore), Journ. dt MaA., mr. 6, vol. 2 
(1896), p. 111. 
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preciflelf as oonTergeiit series, this property being a requisite for 
satisfactory application to diSerential equations. 

In our preceding exposition of BoreTa theory, we have intro- 
duced his chief integral by 8 method which permits of expansion 
in various directions. Le Roy in bis very excellent thesis* suggests 
a change of the function in Laplact^a integral whi<^ greatly en- 
larges the applicability f of BorePa method without essentially 
changing it« character. Let the initial series (I) be first written 

., + <,,T(.p + 1) r(^, + a,r(2p + 1) p^^ + . . . 

+ "■''(»'' + ')r(;|TT)+-' 

and then replace the second factor in each term by 

r(np+ ])= - r e-'V'^-'+'rfz. 
This gives for the formal equivalent of the series the integral 

(12) ^ J ,-V-f\z,yi., 

in which the associated function is now 

(13) *•(")- i + r(p + r) + r(l^+- 

The number p remnins to be fixed. If the series (I) is diveigent, 
there is a critical value of p such that any smaller value of p 
gives an associated series having a zero radius of convergence, 
while a larger value gives one with an infinite radius of conver- 
gence. This critical value p' may be said to gauge or measure 

"AtmaUtde Toaloute, ser. 2, vol. 2 (1900), p. 416. 

t Since thii wu written, i very interesting application of Le Ro/b idea la 
diflerentisl equations haa b«en made by Maillet, ^Tin. de FEc Nor.,'iieiT. 3, rol. 
20 (189.1), p. 487 C 
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the d^ree of divergenoe of the aeries. For the divei^;eiit series 
treated by Bord, p' = 1. If p = 0, the series (I) has & fiaite 
radius of coavei^Dce. On the other hand, when p' = xi,Le Roy'a 
integral can not be applied, but it may be conjectured that auch 
cases will be of very rare occurrence. Le Roy proposes to employ 
the int^jal when the associated series is convergent for p — p' and 
when also its circle of convergence has a finite radios and is 
not a natural boundary. The function obtained from (12) will 
be unique, and he shows that the series which are snmmable by 
its use like the series of Bord, can be manipulated as convergent 
series. One might also inquire whether, in case (13) diverges for 
p^p' and we take p > p', we shall not get a unique result irre- 
spective of the value of p. 

Other forms of int^rals may also be selected for the summa- 
tion of the series, as for example,* 



llix) - /S, + /9,« + ,8^V + . 



To generate the given series (I) we must so select/ (i) and J^kc) 
that 



«.-».£ M-'^'l-- 



Bord chooses for f(z) the expoDential function, making in conse- 
queuce F{Kii), bis associated series, dependent only upon the given 
series. Hence his process is called very appropriately the ex- 
ponential method of summation. ^idije»,'\ on the other hand, 
with his continued fraction arrives at an integral in which F{u) is 
the fixed function and/(z) is the variable function dependent on 
the series given. For the fixed fuoctiou he takes 

•«. UBoy, loe. cii., pp. 414-415. 
t Loe. til. 

DiclzedbyGoOgle 



DIVERGENT SERIES AND CONTINUED FRACTIONS. 105 
BO that 

(14) «., _£>)..■<;.. 

At first Bight this choice of functions would seem to be a very desir- 
able ooe, for the function defined hj the divergent aeries is obtained 
in the familiar form 

(-) «')-rs 

Upon examination, however, it tiime out to be otherwise. For 
suppose the divergent series to be given and ^2) is to be found. 
The problem is then a very difficult one, that of the inversion of 
the integral (14) when a, ia given for all values of n. This is 
what SUdtjea terms " the problem of the moments." It does not 
admit of a unique solution, for SHeUjes himself* gives a function, 

which will make a^^a for all values of n. If the supplementary 
condition is imposed that J{z) shall not be negative between the 
limits of integration, only a single solution J\z) is possible, but 
the divergent series is thereby restricted to belong to that class 
which Stieltjee derives naturally and elegantly by the considera- 
tion of his continued fraction. 

Thus far our attention has been confined exclusively to int^rals 
in which one of the limits of integration is infinite. There are, 
however, advantages in using appropriate int^rals having both 
limits finite, at least if the given series is convei^ent aud the 
integral is used £ot the purpose of analytic continuation. In 
particular, the int^ral 

(16) A^)=f n«)^(«')'^ 

should be noted, to which Hadamard has drawn attention in his 
thesis. t This &lls under Vallie^Poiieain'a theorem when l^z) ia 

•Xoc eiL, \ 56. 

t/ewrn. de Math., mr. 4, vol. S (1802), pp. 158-160. 
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oontinnous along the path of integration and when also f\u,) is 
analytic in u — za; for all values of z upon the path of integration 
and for values of x in some specified region of the x-plane. If, 
aa we suppose, the path is rectilinear, the values of a; to be ex- 
cluded are evidently those which lie on the prolongations of the 
vectors from the origin to the singular points of F(x). The 
r^on of convergence of (16) is consequently a star, whose boun- 
dary conMsts of prolongation of these vectors.* Thus Hadamard'g 
int^ral, when applied to the analytic continuation of a function, 
is superior to Borel's in the extent of its "region of summability." 
This is illustrated in Le Roy's theus f with the very familiar series : 



Here the coeHicient of .t" is 



/<1 ■ 
BO that 



1 r' «■*_ 



" ' "J. v-xi -»)0- 



Siuce F{zx) 9 1/(1 — zx), the region of summability is the entire 
plane of x with the exception of the part of the real axis between 
X sa 1 and X SI 00. BoreTn polygon of summability for the series, 
on the other hand, is only the half plane lying to the left of a 
perpendicular to the real axis through the point x ■> 1. 

Much, it seems to me, can yet be done in following up the use 
of Hadamard't integral. One special case has been studied already 
by Lt Roy, in which the (n + l)tfa coefficient of (I) has the fonn 



».=£«•■«»)<'»• 



* This coDclaBian kIbo holds if onl; i V{z)dt a in ibsolutely convergent inte- 
gral, as ie Bhoim by Hulamard. 
tp. 411. 
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The series therefore defines & fuDCtioQ 



Jo l-i» 



which is analytic over the entire plane except along the real azia 
between x=il and 9; » oo. The path of integration may also 
permit of deformation so as to show that the cut between the 
points is not an essential cut. It is interesting to note thbt if 
0(z) is positive between and 1, the primary branch of the fnno- 
tion has only real roots which are, moreover, greater than 1.* 

Lectube 3. On the Determination of the SingvXarHiee of Funo- 
tiona Defined by Poiotr Seriea. 

Up to the present time comparatively little aucceaeful work has 
been done in determining the singularities of functions defined by 
power series, and the little which has been done relates mostly to 
singularities upon the circle of oonvergenoe, Work of this special 
nature I shall omit from consideration here, thus passing over the 
memoirs of Fabry, and I shall call your attention to the literature 
which treats of the singularities in a wider domain. 

The most fundamental and practical result yet obtained is 
undoubtedly a brilliant theorem of Hadamard,'\ in the wake of 
which a number of other iutereating memoirs have followed. 
This theorem is as follows : 

If turn analytic functioTu are dejvned by the eotwergent power series 

(1) if>(x)~a^+a^x+a^+.. ■, 

(2) y^x)=b^ + b^x + b^+ ..., 
the only singutaritiee of the function 

(3) f{x) - a^b^ + afiiX + aj>^ +■■■ 

will be points whose affixes f^ are the product of affixes of the singu- 
lar points a^ and 0^ of ike first two functions. 

*Le Roj, toe. eil., pp. 330-331. 
t Atta Math., yol. 22 (18»8), p. 56. 
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The possibility that x — should, in addition, be a siogular 
point has been pointed out since by Lindtiof. 

Although HadamfOrd's proof of the theorem is not a oompli- 
cated one, I shall present here a atill simpler proof given by Bord.* 
Let li and R' be the radii of convergence of (1) and (2) respec- 
tively, and take a number p such that Ii/p> l/R'. If then 
|«c|^j/Kc|<B and \x\>l/R', the product of ^sc) and 
y^ljx) can be developed into a LaureK^a power series which is 
valid in a circular ring in the x-plane, having its center at the 
ori^n and the outer and inner radii Rjp and XjR' respectively. 
In this product the absolute term is obviously 

(4) S{z) - fl,6, + afi^z + a^h^ + ■ ■ ■ . 

Consider now the integral 



J •: X 



2iV 

in which e is a closed path surrounding the origin and contained 
within the circular ring. As long as z in its plane lies within a 
circle of radius p < RR' , having ite center in the origin, the 
integral will surely deGne a function of z, and this fnnction is 
evidently equal to the residue of the int^rand for x~ 0, which 

We shall now seek to extend this function by varying z and at 
the same time deforming appropriately the path of integration. By 
the theorem of VaiUe Pousain quoted in Lecture 2, the int^ral 
will continue to represent an analytic function of z, provided at 
every stage the integrand remains analytic in x and z ; x being 
any point upon the path of int^ration. Now the values to be 
avoided are clearly the singular points of the functions ^kc) and 
-^l/x) ; namely the points : 

* B«iL delaSoe. Math, dt Fmiux, vol. 26 (1898), pp. 238-248. 

An interesting proof "tnmuAi com" is given without tha uaeot integnk bj 
Piiicli«rle in the fioidtamto drUa B. Aeead. ddle Scieme di Bologna, new ser., vol. 
3(I«l8-8), pp. 67-74. 
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The points x = 1/(9, lie within the circle (I/fi') which is the inner 
circumference of the ring, while the points x = ajz hefore the 
variation of z lie without the outer circnmference {R/p). For 
simplicity of presentation it may be convenient tu assume at first 
that these points form an a^regate 
of isolated points. Suppose then 
that z follows any path in its plane 
emerging from the circle (p). Then 
die points aJz describe certain cor- 
responding paths which we will 
mark in the x-plane. At the same 
time the contour c may be deformed 
continuously so as to recede before 
the points aJz without sweeping 
over any point l//3^, provided merely that aJz never collides with 
a point i/ffj', that is, z roust never pass through a point a^j. 
Now when z ia held fixed, a deformation in the contour c, subject 
of course to the condition indicated, produces no change in the value 
of the integral /[z), since the integrand is holomorphic between 
the initial and deformed paths. On the other hand, when the 
path is kept fixed and z is varied, we have the analytic continu- 
ation o{f(z) in accordance with the theorem of VallSe Pouasin, 
By the two changes together y(z) maybe continued over the entire 
plane of 2 with the exception of the points a^/S, = y^ To these 
should, of course, be added 2 = 00, also z == as a possible singular 
point for any branch of^z) except the initial branch. 

It should be observed that 7^^ is shown to be a potential rather 
than an actual singular point. When, however, it is such a point, 
the character of the point depends in general solely upon the nature 
of the singularities oc, and ff, for (1) and (2) respectively. This fact 
was noticed hy Sorel and demonstrated in the following manner. 
Let 

C, + CjiB + C^ + • ■ • 
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be any oonvergeDt series defining a function ^,(a:) which is r^:u- 
lar at a... Then ^,(3;) -= ^,(ib) + 0(k) ia a function which has at 
Qj the same singularity aa <f>{x). The combinatioD of the series 
for 0j(ic) and for ■^(aj) fay Hadamard's process gives the function 

U») - K + "J^ + ("i+^i)*." + («,+c,)6rC* + M +Ux), 

in which 

/,(«) = c,ft, + c,i,a! + c,6^ + ■ ■ ■ . 

Now since <^Jx) is regular at a„ when componndcd with ^a:) 
it must give a function J'x{x) which is regular at 7. . It follows 
that fj^x) and /(x) have the same singularity at 7;^. Thus the 
nature of this singular point ia not altered by any change in ^(x) 
or ifr{x) which does not affect the character of the points a, and yS- 
It depends therefore solely upon the character of the singularities 
compounded. 

Complications arise only when there is a second pair of singu- 
larities Oj, ;8, such that 

Clearly the resultant singularity is then dependent upon both 
pairs. Their effects may be so superimposed as to create an agly 
singularity, or they may, on the other hand, so neutralize each 
other that 7^ is a regular point. Very simple examples of the 
latter occurrence can be easily given. It seems probable that 
when 7^ is but onoe a product of an a by a /3, it must always be 
a singular point, but this has not yet been proved. Its demon- 
stration will greatly enhance the value and applicability of Hada- 
mard's theorem, for then it can be stated in numerous cases, not 
what the singular points o{J{x) may be, but what they actually are. 
A detailed study of the nature of the dependence of the singu- 
larity 7^ upon a^ and ^^ would probably be both interesting and 
profitable. £oref examines the case in which a^and ^^are poles of 
any orders, p and q, and shows that 7^ is then a pole of order 
p + q— 1. It can, furthermore, be easily shown that whenever 
a^ ia a pole of the first order, 7^ is the same kind of singular point 
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as /3,. For suppose that we put a. s 1 , which may be done without 
loss of generality. The principal part of 0(x) at the pole a^ is then 

and the composition of this with '^x) gives for the oorresponding 
component oi J{x) 

— A^ (6^ + fiiX + 6^ + . . .) . 

Hence the singularitieB f., and jd, differ by a multiplicative 
constant. 

Only one other general fact concerning the composition of sin- 
gularities seema to be known. Bard proves that if the functions 
^x) and ^(k) are one-valued at a.^ and yS^ respectively, J{x) is 
also one-valued at 7^,. Thus when two one>valued functions are 
compounded, the resultant function is also one-valued. But 
this statement, as he himself points out, must he correctly con- 
strued and will not necessarily hold true when the singular points 
of the two given functions are not sets of isolated points but con- 
dense in infinite number along curves. To construct an example ' 
in which /(x) in not one-valued, Bord makes use of the fact, 
now so well known, that the decision whether the circle of con- 
vei^ence is or is not a natural houndaiy of a given series depends 
upon the arguments of its coefficients. If, for instance, we take 
the series 

which has a radius of oonvei^nce equal to 1, by a proper choice 
of the arguments B^ the circle of convergence can be made a natu- 
ral boundary. Put now 

(6) Vl^^~ Cg + c, a: -J- c^ -I- . . . , 

in which the coefficients are necessarily real. Clearly the unit 
circle will be a natural boundary for 

^a;) B Cg + Cie'''» -|- CjC"' a; ' -|- ■ ■ ■ . 
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^a;) -. 1 + e-'*'x + «-**^ *+ ■ 



Yet the fuootioD J{x) which is derived from tliese two one- 
valued functions by Hadamard's process is the two-valued func- 
tion (6) which exists over the entire plane of x. 

I have dwelt at some length upon Hadamard's theorem and its 
ooDsequences becaase of their evident interest and importance. It 
is worthy of note that for analytic functions defined by power 
series the first great advance in the determination of the singu- 
larities over their entire domain has been made by meUiods that 
are roughly parallel to those currently employed in the considera- 
tion of their convergence. The convergence of series is indeed 
too difficult a question to be settled by any one rule or by any 
finite get of nil«e, but the methods of comparison with series known 
to be convei^nt have been found to be not only most etScient 
but also adequate for most practical purposes. In somewhat 
similar fashion Hadamard's theorem will determine the Bingular> 
points of numerous functions by linking them with other series, 
of which the singularities are known. 

One of the simplest applications of this theorem is obtained by 
oompounding a fpven series 

(7) a, + a,a: + a^ + ■ ■ ■ 

with itself once, twice, ' • -, to m times. All the singularities of 
the resulting series 

(8) aj + a\x + ajsc' + ■ ■ ■ (t — 1, 2, ■ ■ ■ , m), 

except possibly a: » and a: » oo, are included among the points 
obtained by multiplying i affixes of the singular points of (7) 
among themselves in all possible ways. If (he m series (8) are 
multiplied each by a constant it^ and are then added, a new series 

(9) G(aJ + e(o,)x+G(o,)a;*-l--.- 
isobtained,inwhich (r(u) denotes the polynomial £jU + 1- ^^b""- 
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This function has no singular pointa other than those which are 
possible for the m series from which it was derived. When r 
different series 

a^ + a^x + a^ + ■ ■ ■ , 

ft„ + 6,3! + 6^ + . . . , 

r, + r,x + r^ + • ■ ■ , 
are used, a similar oonclusion is reached for the series 

where G denotes a polynomial in which the constant term is lacking. 
These results are of particular interest when applied to the 
series 

(10) 1+ K + 2x» + - . - + naf + ■ ■ • 
aad 

K* CO* 

(11) ! + «, + _+.. . + _+..., 

which are the expansions of 1 + a; /(I — xf and log (1 + x). Since 
these fimctions have only one singular point, ic — 1, in the finite 
plane, the only possible singularities of 



K-i> 



are a: = 0, 1, oo.* 

The continued repetition of the above process for combining 
series leads naturally to a consideration of series of the form 

(12) 2-P(o,K 

in which a convergent power series J*(u) appears in place of the 

polynomial 0{u). Various theorems oonceming cases of this 

"ObTio«ul;sc«iMaiitterm<»i) beincloded now in tbe poljDomial 0(«, I/*). 
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series have beco given recently by Leav,* LeSoy,^ DaaiiU,X 
Linddof,^ Ford \\ and Faber^ though the proof of some of these 
theorems has no direct relation to HadamartPt theorem. The 
importance of snch work is, however, apparent, inasmuch as nu- 
meroua series which occur in ajialysis can be put into the form 
under consideration, as for example £(sin ir/n) 7^, 

Three cases must be dis^guished according as the radius of 
convei^Doe of the initial series (7) is less than, equal to, or 
greater tbao 1. If the radius is less than 1, the siogular point 
nearest to the origin has a modulus less tbaD l,and the continued 
multiplicatim of the afBz of the point by itself g^ves a series of 
points which approach indefinitely close to the origin. The pre- 
sumption, therefore, woold naturally be that the series (12) is then 
divergent, but this is very far from being always true, as will be 
seen nt once by referring to the series 2(af sin ajand £(af cos a,) 
in which o_ is real. The applicability of Hadamar^s theorem 
oonsequeotly ceases. 

The case in which the radius of oonvergenoe of (7) is greater 
than 1 has been investigated very recently by DaoMd. In this case 
the expected theorem is obtained. If, namely, P{\£) is a conver- 
gent series without a constant term, £P(aJx" defines a function 
iriiich can have no angular points, besides « « and x k oo, 
than those which result from the multiplication of the affixes of 
the singular points among themselves in all posrible ways and to 
any number of times.** Datain^e proof is based upon the fact 
that SP(aJz", after the omission of a suitable number of terms, 
can be expressed in the form 

" Jburn. de Maik, aer. 6, voL 5 (1699), p. 366. 

^Lae. eU. 

tJouTH-dtMaa., ta. 6, toI. 8 (1902), p. 433. 

I Atla Soeittalu &Miil«inrai Femuea, vol. 31 (1902). 

U Jwn. dt MaA., an. 6, vol. 9 (1903), p. 223. 

^MaA. Am., toL 67 (1903), p. 3«9. 

** Thii i« » Mnneirbat ihATper lUtement of the remit than that given hj De- 
■aint In hii theorem z^ 1 it given m a poesible siogolu point, but this, u 
appean from the proof to be giyta here, i« dne solelj to the aiiminiJon of a coa- 
■tant term into P[u). He also taili to note that i=^0 ma^bea aingular poiat. 
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in which _/(() is the function defined by (7) i<ax-^t,d \& an ap- 
propriately chosen oontonr, and c, denotes the nth coefficient of 

J*(u) — 0,U + CjM* + ■ ■ ■ . 

Although his proof ia essentially simple in character, I shall give 
here a new and simpler proof, hased directly upon Hadaimar^t 
theorem. 
Place first 

//«) = aj + oja! + ajaj* + ■■ (*-2, 3, ...), 
and consider the expression 

«y.W + <'.+,/^,W+-- 

in which n denotes some fixed integer. If r > 1 denotes the 
radius of convergence of the fiindamental series (7), the radius of 
fix) will be r*. Describe about the origin a drcle (r') having a 
radius r' < r". If a suffi<uent number of initial terms be oat off in 
each of the aeries, 

/.w, /.«w> •■•. ^w. 

the maximum absolute values of the remuDders within or upon 
the drcle (r') can be made as small as is desired. Suppose then 
that afler tn terms of each have been removed, the remainders 

(13) 'JA '.«(*). ■■•. ',.(') 

do not exceed 



respectively, in which e is some small positive number. L^ us 

DOW substitute in Hadaimard't mXagea^ 
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any two of the fuDotions (13) for ^ aod ifr. 
Put for example 

and chooae the unit cirole as the path of int^ration. Then if 
I z I =r', the absolate values of the arguments of the series i^ (zee) 
and ^(1/x) will be leas than their radii of convergence since 
|a!| B 1 and r> 1. The conditions for the ezist«noe of Hdda^ 
martPe int^ral are therefore fulfilled. Sinoe also 



we have 



l'-.«MI«"', l'-.+,(j)l«"'. 



But by Hadamard'a theorem F{z) — r^+H-((*)> *'^ hence 

(14) M')\<.' (hlso, 

for all values of i from 2n to 4n inolusive. Hie reasoning can 
now be repeated with 2n in place of n, and so on ; therefore (14) 
is true for all values of iS n. 

Thae &r the value of e has remained arbitraiy. Let its value 
DOW be taken less than the radius of oonve^i;enoe of P (u). Then 
by (14) the series 

(15) V» + <',+i'-.+i(«) + --- 

will be uniformly oonvei^nt in (r'). Since, furthermore, all the 
component series r^^i{i — 0, 1, 2, ■ • •) are likewise so converg^it, 
by a fundamental and familiar theorem of Wdertirats * the terms 
of the oolleotive series (15) may be rearranged into an ordinary 
BO-ies in ascending powers of », But this reairangemeot gives 
*HukniM».adiiar]efBMro<bteliontolM* Tkeoryi^Anaifiie Pmttimu,^.13i. 
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or the remainder after the (m — l)th power of x in 

(16) ± I\a;fc' - cjix) - oMx) c._,/._,(4 

Now the series (15) before its rearrangement was a uniformly 
oonvergent aeries of analytic functions and defined a function 
whioh was analytic within (r'). It follows that (16) is also 
analytic within this circle, and hence 

has no singularities within this circle except those of 

/■(«). /.W. ■■■,/.-,(»)■ 

But the radius of (r') was any quantity short of r", and this con- 
clusion therefore holds within a circle having ite oent«r in the 
origin and a radius eqnal to r". By increasing n indefinitely, the 
theorem of Demivi results. It is evident also that if fx{x), and 
therefore /i{x), represents a one-valued function, SP(aJa:" must 
also be such a function. 

There remains yet for consideration the third class of cases in 
which the radios of convergence of the fundamental series is 1. 
If upon the circle of conveigence there is any singular point with 
an incommensurable argument, the continued muttiplioation of its 
affix by itself gives a set of points everywhere dense npon the 
circle of conveigence. It is therefore to be expected that this 
circle will be, in general, a natural boundary for 2P(oJaf, and 
accordingly the cases which will be of chief interest wUl be those 
in which all the singular points upon the circle have commensur- 
able arguments. A simple case of this character is obtained 
when either (10) or (11) is chosen as the generating series. If 
the former be selected, the resulting series has the form Si^n)9;". 
This has a special interest inasmuch as its study has proved to 
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be of profit both tor the theory of analytic ooDtiauatioa and of 
divei^nt series. The reason becomea apparent when the state- 
ment is made that it is poesible to throw any Taylor's series, 
J-a^af, whether convergent or divergent, iuto the particular form 
2i^n)ge", and in ao iolintte number of vrays. This fact follows 
as a corollary of a very general theorem of MHag-Leffler,* which, 
when restricted to the spedal case before us, establishes the ezist- 
eooe of a function P{x), wbidi is holomorphic over the entire 
finite plane and aasomes the pre^ssigned values a,, a,, a^ ■ ■• in 
the points a; — 0, 1, 2, •• ■. Consequently the character of the 
function defined by 2^(n)a^ is made to depend upon the behavior 
of P{x) as X approaches oo. 

Inasmuch as £P(n)af is perfectly general, limitations must be 
imposed upon JP(u) in any attempt to extend Hddamard's theorem 
to this series. But whenever the theorem is applicable, the only 
possible singularities of SP(n)a^ are a; = 0, 1, oo. Leau t estab- 
lishes tiie correctness of this result when /*(u) is an entire function 
of order less than l,X ^ving also a more general theorem % concern- 
ing £.P(aJa^ of which this is a special case. The like concluuon 
holds oouoeming the singular points of £^(l/n)af, provided only 
that P{x) is holomorphic at the origin.|| 

Very recently these results of Leau have been proved more 
simply by ^a6er, but in a more restricted form, an artificial cut 
being drawn from se— Itoz— xto obtfuo a one valued func- 
tion. In addition, Faber shows that if for any prescribed e and 
for a safficientiy large r the inequality 

(17) \P(r^)\<e'^ 

*Jda JUotA., ToL4(1864),p. 63, thMrem D. For a reference to tbia Uiwrem 
I am ind^rted to Profeawr Oigood. Theorem 2 of Desaiof • memoir (p. 438) 
iilnoootradictliKiwiUi thi«, but bU proof ii ken inadequto aince ri (p. 440) lias 
not necBwarily a loww limit 

tioc eiL, p. 418. 

X He al») ihom that £i*(ii)z" ia then a one-nlued tunct)<«. 

ILoe. Mt., p. 417. Bee also BuU. de it Sae. MaA. de Fnnee, vol. 26 (1S98), 
p. 267. 

||£oc eiL, p. 41B ; MO alao p. 407. 
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is fulfilled, the point x ~ I most be so essential singularity, and 
the function represented by 2P(n)«" is consequently one-valued.* 
Conversely, if J{x) is a one-valued function which has only one 
singular point, and if that point is an essential BiDguIarity,/(3;) 
can be expressed in the form S^(n)x*, in which P(u) is an entire 
function satisfying (17). More generally, if there are t essential 
singularities a;,, ■■■,x, and no other singular points in the finite 
plane, the coefficient of a^ must be 

«.-;^AW+--+^. ■?,(»)+«:, 

in which P,(n), ■ ■ ■, I'^n) are entire functions of the nature above 
specified and in which lim J/a^ » 0. This converse has an espe- 
cial interest because as yet few theorems have been discovered 
giving the necessary form of the ooefficients of a power series for 
an analytic function with prescribed functional properties. 

Other theorems concerning £P(n)a!" have recently been derived 
without requiring that P(n) shall be holomorphic over the entire 
plane. 

As a sample of these I shall cite in conclumon the following 
theorem of lAnddof: f 

If -P(n) represents a function fulfilling the following conditions ; 

1. -P(z) is analytic for every point of the complex plane 
z=tT + ii for which t = (except possibly at the origin, for 
which P{z) has a determinate value). 

2. A number < being arbitrarily given, it is possible to find 
another number R such that by putting z » r^* we will have for 
r>R 



\m<'" (-?a*-i> 



* Le R07 three jeua earlier had noted this conclusion when F[z) ii an entire 
fanctioo whose "appenmt order" is less than 1 ; loc dL, p. 348, tootnote. 
Fkbeidoee not seem to be sware of Le Roy's stalemenL The difference hetweeo 
the two Blatements is slight bat becomes important in formulating the new and 
interesting converee which l^^ber adds. 

tXoc. eit, {13. 
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then the prinotpal branch of the fanction 2P(fiy will be holo- 
morphic throughout the complex plane excepting poseibly on the 
segment (1, + oo ) of the real axis. Furthermore, the function 
approaches as a limit when x tends toward the point at infinity 
along any ray having an argument between and 2v, 

Lectdbe IV- On Seriea of Pdynomiah and of Ra^mud 
FraeHonB. 

lo the last two lectures I have spoken of the use of int^rals for 
the study of analytic extension and of divei^^t seriea. The topic 
of to-day'a lecture is the representation of functions by means of 
Betiee of polynomials aod of rational fractioDS. This subject forms 
a very aatural transition to the sucoeediog lecture upon continued 
fractions, since an algebraic continued fraction is in reality noth- 
ing but a series of rational fractions advantageously chosen for the 
study of a oorrespooding function which, when known, is com- 
monly given in the form of a power series. 

The literature relating directly or indirectly to series of poly- 
nomials and of rational fractions is a vast one, with many ramifi- 
cations. Thus in one direction there are various researches of 
importance upon the non-uniform convergence of series of contin- 
uous functions, and in this connection I may refer particularly to 
the recent work of Osgood and Bairt, an excellent report of which 
is contained in Sehonfii^^ Sericht vber die Met^enidire,' An- 
other part of the field comprises numerous memoirs devoted to 
special series of polynomials and rational fractions. Quite re- 
cently a more systematic and general study has been begun by 
Bord, Mittag-Leffier, and others, and it is to this that I am to 
call your especial attention. 

Two very familiar facts, both discovered by IF«er«fo*a88, may 
be said to be the origin of this study. I refer, of course, to the 
theorem that any function which is continuous in a given finite 
interval of the real axis can be expressed in that interval as an 

* JahrtAtrida der dtatteSea Mathematiier- Vertmigtmg, vol. 8, pp. 224-241. 
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absolutely and uniformly convei^nt series of polynomials,* and, 
secondly, to tbe possibility that a single series of rational fractions 
may represent two or more distinct analytic fuuctious in different 
portions of its domain of convergence. A notable advance upon 
the theorem first mentioned was made by ^n^t i° 18B4, who 
proved that auy one-valued analytic function throughout the do- 
main of its existence can be represented by a series of rational 
functions ; furthermore, this domain may be of any shape what- 
soever, provided only it forms a two-dimensional continuum. 
Rwng^a proof of these important results is not only worthy of 
careful study, but contains also certain conclusions which were an- 
nounced again by PairdeolX in 1898, though without proof. 
The conclusions reached were as follows : 

Let D be a domain consisting of any number of separate pieces 
of the complex plane, in each of which we will suppose an analytic 
function to be defined. The functions thus defined can be, at 
pleasure, either distinct functions or parts of one or more func- 
tions. In any case a series of rational functions can be formed 
which will converge absolutely and uniformly in any region 
lying in the interior of D aod represent in each separate piece 
the prescribed function. Furthermore, this representation can 
be made in an infinite number of ways. Let the ensemble of 
thepoints excluded from D be represented by E. When £con- 
sists of a single connected continuum of any sort, whether linear 
or areal, any point a oi E can be arbitrarily selected, and tbe 
function cau be expanded into the series 



t^-ii^) 



* " Uebeidie inaljtiache Darstellbarkeit sogenuinter willkurlicber Functionen 
einer leellen Verinderlicheti ' ' ; Berliner SUmmgtberUhie, 18S5, p. 633 or Weri*, 
vol. 3, p. I. SimpU proofs of the theorem have been giTso b; Lebeeque, BvU. 
da Saenea Math., ser. 2, vol. 22 (1898), p. 278, and by Mittag-Leffler, BiendkonU 
di Paleroio,y<A. 14 (1900), p. 217, vith an eit«iiaion to f udc^ods of two variablef. 
Id this connectioDwePainJeTJ'B note inlheCbrnpC ibnd., toI. 126(1898), p. 4S9. 

t^tto Math., vol. 6, p. 229. 

t Compt. Bend., vol. 126, pp. 201 and 318. 
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ID which 0^[i/ix — a)] denotes a polynomial in !/(« — a). If, in 
particular, the ooDtinuum B contains the point a; » oo, an ordinary 
series of polynomials, £6,(x), can be employed. When £ con- 
sists of a Snite number of separate pieces (or isolated points), the 
ezpanaioo can be put under the form 

iS ' V«-a,/ i^ '\x-a^J S \x-aj' 

in which a^,---,a are points arbitrarily chosen in the separate 
pieces. 
In the familiar case in which only a single analytic function 

(1) a, + a,(x — a)+ a,{x — a)* + ■ ■ ■ 

is given, it is natural to seek a series of polynomials having the 
greatest poesible domain of convergence. Unless the function is 
one-valued, the most convenient domain is in general the star of 
MUtag-Leffia: This is constructed for the series (1) by fiist marking 
on each ray which terminates in a the nearest singular point and then 
obliterating the portion of the ray beyond this point. The region 
which remains when this has been done is a star having a for its 
center. Mtttag-L^ler * shows that within the star the given ana- 
lytic function can be represented by a series of polynomials in 
which the coefficients of the polynomials depend only upon the 
value of the function and its derivatives at a, f or, in other words, 
upon the coefficients of (I). If, in short, we put 

-<')-£&• i^^T^^(-r 

-and 

*AcUiMiah., vol. 23(1899), p. 43 ; toL 24, pp. 183, 205; vol. 26, p. 353. A 
good lanmuiry is toaod iu the Pne. ^tlie Landtm Miuti. Soc, rol. 32 (1900), pp. 
72-7& 

t In thii respect hii work id Miperior to that of Ronge and othen. Bunge, 
for •xamplB, presuppoMS a knowledge of tb« function at an infinite number at 
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then ^ OJx) is a series which converges uniibrmty in any rf^ion 
lying, with its boundary, entirely in the interior of the etar. The 
series may also converge outside the star. Bord * has shown, 
furthermore, that the series of Miiiag-Leffier is not the only possi- 
ble one, but there is an infinity of polynomial series sharing the 
same property within the star. 

It will be noticed that the construction of the series of MUtoff- 
Lefflar is in no wise dependent upon the convergence of the initial 
power series. In certain cases, at least, the polynomial series con- 
verges when the given series (1) is itself divergent. It is natural 
therefore to look for a theory of divergent series based upon con- 
vergent series of polynomials. As yet, however, no such theory 
has been invented. One of the chief difficulties in Uie way is that 
the polynomial series do not afford a unique mode of representing 
an analytic function. Now the difference between any two series 
of polynomials for the same function in an assigned area is a third 
series which vanishes at every point of the area, though the sep- 
arate terma do not. This is a decidedly awkward point, and 
occasions difficulty in proving or disproving the identity of two 
functions expressed by polynomial series. It is true, indeed, that 
this difficulty will scarcely present itself when we start with a -con- 
Tei^nt power series which is to be continued analytically, the 
polynomial series then giving continuations of a common function. 
But when the series (I) is divergent and there is no known func- 
tion which it represents, it is an open question whether the differ- 
ent series of polynomials which are obtained from (1) by applica- 
tion of diverse laws will furnish the same or different functions. 
If different functions, ia there any ground for preferring one series 
of polynomials to another ? 

Up to the present time two essentially different principles seem 
to have been followed in the formation of series of polynomials. 
In the work of Range, Bord, Paivlevi and MUtag-Leffier the co- 
efficients in tJie polynomials vary with the character of the ana- 

*A«n. de U Ee. Nor., aer. 2, vol 16 (1899), p. 132, oi La St 
p. 171, 
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lytic function to be represented ; for example, in the polynomials 
of Miltag-Ltffler they are functions of the coefficients of the given 
element, ^a.^> By appropriately choosing the coefficients of the 
polynomials these writers obtain a very lat^ re^on of conver- 
gence and at the same time are able to greatly vary its shape. On 
the other hand, the series which are met in the practical branches 
of mathematics — ^for instance, in the theory of zonal harmonica- 
have the form 

(2) c,G,{x) + c,Q,(x) + cfilx) + ■■■ 

in which the polynomials 6,(3;) are entirely independent of the 
funotioD represented, while the c^ vary. The polynomials them- 
selves are selected according to the shape of the region of con- 
vergence. Thus if the r^on is a circle, we may pat 

G.(«) - (x - o)", 

and we have then the ordinary Taylor's series. Or if it be an 
ellipse having the foci ± 1, we may take for our polynomials 
either the sucoessive zonal harmonics or a second succession of 
polynomials (also called Legendr^a polynomials) which are con- 
nected by the recurrent relation : 

(3) <?.+,(«) - 2aj(2« + 3) G^^,(x) + Mn+ l)»G.(ic) - 0. 

In a recent number of the MaiAtmaiiafJie Annalen, (July, 1903) 
Faber has considered this second class of polynomials from a some- 
what general point of view and has demonstrated that any function 
which is holomorphic within a closed branch of a single analytic 
curve, as for example an ellipse or a lemniscate of one oval, 
can be expressed by a series of the form (2). llie properties 
of his series are similar to those of Taylor's series. In the 
case of the latter, to ascertain whether Sa,%" converges in tiie 
interior of a circle having its center in the origin and a 
radius R, we have only to determine the maximum modulus of 
a point of condensation of the set of points {/ a_ (n = 1 , 2, 3, ■ ■ •). 
If it is exactly equal to XjR, the circle (^B) is the circle of oou- 
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vergenoe, and there ia at least one aingularity upon its oircumfer- 
enoe. If, od the other hand, it ia greater or less than l/i2, the 
series will have a smaller or a larger circle of cODVergeoce. So also 
to the given branch of the analytic curve there corresponds a 
certaiD critical value. When this is exactly equal to the upper 
limit of I ye^l ia Fabtr't series, the given analytic branch is the 
curve of oonvei^nce. Atevery point within, the series converges, 
while it divei^s at every exterior point, and upon the curve there 
must lie at least one angular point of the function defined by (2). 
If, however, the upper limit is greater or less than the critical 
value, we consider a certain series of simple, closed analytic curves, 
(aa ibr example a series of confocal ellipees), among which the ^ven 
analytic branch must, of course, be iaclnded. The curve of oon- 
Tergence is then fixed by the reciprocal of the upper limit of 
I Vc.l provided this limit is not too large. Moreover, as in the 
case of Taylor's series, the fiinctioQ cannot vanish identically on- 
less every c_ ■■ 0, and in consequence the series vanishes identi- 
cally. It is therefore impossible that the same function shall be 
represented by two different series of the given form. 

In view of the last mentioned fact it might be of especial inter- 
est to apply this class of polynomial series to the study of diver- 
gent series. 

In the most familiar and useful polynomial series the successive 
polynomials are connected by a linear law of recurrence, 

(4) K<^^{^) + *.G'.+.-.C^) + ■ ■ ■ + *.G» - 0, 

in which the ooeffictaits h^ are polynomials ia a; and n. Thus the 
zonal harmonics have as th^r law of recurrence 

(n + l)(?.+,(a') — (2n + l>G,(a:) + n(?,_,(a:) = 0. 

Many series of this nature are also included in the class con- 
sidered by Faber, The form of the region of convergence has 
been determined by Poincor^ * upon the hypothesis that equation 

•Ana: Jmtb. </J&K.,toL 7 (ISSB), p. 243. 
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(4) has a limiting form fur n= oo. Let the equation be Srat 
divided through by k^, and then denote the limits of the successive 
coefficients for n = oo by k^{x), k^{x), ■ ■ kjx). Conatruot next 
the aaziltary equation 

(5) tT + A,(a:>— + i,(x>-« + ■ ■ ■ + kjx) - 0. 

Except for particular values of x there will be one root of this 
equation which has a larger modulus than any other. Let r(«) 
be that root Pointiart* shows that with increasing n the ratio 
G',(x)/G'^,(x) will approach, in general, this root as its limit. 
The region of oonvergenoe is therefore confined by a curve of the 
form C*- \r{x)\, and the value of C for the series (2) is to be 
taken equal to the radius of oonvergenoe of Xc,y.t 

By way of illustration let us take the series Sc,&_(») in whidi 
the polynomial obeys the law 

"HoraapeeificallT, PoincuA prorca thu if no two rooUof (6) an of eqnal 
modutdt, 6n(x)l0m—i(x) hu alwaji ft limit, and thii limit is eqnal tosomerootof 
(6), nmull^ the one of greatett modalos. 

T Poincud has given no proof thftt the Mriee (2) will converge at those points 
within the carve | r(i) | "= C^ for which there are two or more dittinct Tooti of 
(5) having a MHDmen modnlui greater than the modnli of the remaining roote. 
Thw in the example which ie quoted below (p. 127), these are the points of the 
real axis which are inclnded between-)-! and — 1. This gap in PoiDcar^s theory 
can be filled in by the following theorem which I have given in the TVafMoetwiu 
^ Oe Antr. Melk. Soe., voL I (1900), p. 296 : It the coefficients in the aeries 
iA^ are coDnected by a reeurrent relation having the limiting foim 

^ . -t- M— 1 + ■ ■ ■ + -tJ.^ = 0, 

the series will converge at the wont within a circle whose radius is ths recipro- 
cal irf the greatest modulus of any root ot the ansEliary equation 

r + i,i-' + ----|-t-=0. 

Denote this maximum by r, tnrtpecHiit qftlu nnmbtr efrmU hating tki* rMxvmim 
amiti&i. Then 

M.|<M(r + .)- (»=!,!,...). 

Hence if Cis the radioe of convergence of Zci^i*, the series Zcnilii will converge 
when C> r. Suppose now that J> depends upon x and pnt A„ ss Q,{z). It 
follows then from my theorem that Iei,Oa(i) will ojw^ conveige when C'^r. 
But this is what was to be proved. 

At the time of the publication of my work I wasnotawareof Poiucar^etrticle^ 
and I therefore failed to point out the relation of the two memoils. 
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(n* + 1)'?,+j(k) - 2n^G,^,(x) + (n» + 3^(?»- 0. 
For n koo the limiting form of this equation is 
G^^Jx) ~ 2xG,+,(x) + GJx) = 0, 

or the same as the limiting form for the zonal harmonic. The 
auxiliary equation is 

z» — 2a3 + 1 — 0, 
of which the roots are 

The curves | x ± i/x* — 1 ] — C are easily seen to be ellipses 
having the foci ± 1. Hence if B is the radius of convergence 
of Sc_y, the region of convei^nce of (2) is the interior of an 
ellipse, 

Poirwari also examines such exceptional cases as that which is 
specified by relation (3), which has no proper limiting form. But 
upon this work we can not longer dwell. I wish, however, to 
emphasize its fundamental character, inasmuch as many previous, 
and even subsequent oonclasions concerning the convergence of 
series of the form (2) are comprised in Poiiwaria result. 

Somewhat earlier in the lecture I set forth the arbitrary charac- 
ter of the function which could be represented by series of poly- 
nomials and rational fractions. We have seen also how this arbi- 
trary element was entirely eradicated by confining ourselves to 
polynomials which obey a linear law of recurrence. In the remain- 
der of this lecture I wish to develop the consequences of restrict- 
ing a series of rational fractions in the manner supposed by Bordia 
' his thesis * and its recent continuation in the AiAa MaihemaHca.^ 
Bord seeks to so restrict a aeries of rational fractions, ^PJx)/Rj(x), 
as to ensnre a connection between the position ofthe poles of its sep- 
arate terms and the position of the singular points of the function 
which the series collectively represents. On this account he assigns 

~ •^n». de VEe. Nor., ter. 3, vol. 13 (189&), p. 1. 
tVol. 24(1900), p. 309. 
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an upper limit to the d^rees of P, (z) and R,{x). But this is not 
enough, and he proceeds therefore to limit the magnitude of the co- 
efBcientB in the numerators. On the other hand, he allows any dis- 
tribution whatsoever for the roots of the denominators, thas leaving 
himself at liberty to vary greatly the nature of the function rep- 
resented. 

In his thesis he develops the case 

which had been previously considered by Pmnoari * and (?ourM^.t 
To avoid semi-oonvergent series or, in other words, functions, of 
which the character depends not merely upon the position of the 
poles a_ and the values oiA^ but also upon the order of summatioD, 
tlie condition is imposed that 2^_ shall be absolutely convergent. 
Then if there is any area of the z plane which contains no poles, 
the series (S) most oonveige within this r^ion. Since further- 
more it is uniformly oonvergent in any interior sab-region, it 
defines an analytic fuootion within the area. There may be 
Hveral snob areas separated by lines or r^ons in which the poles 
are everywhere denae. This is precisely the case to be considered 
now. 

To umplify matters, let as suppose that the poles are every- 
where dense along certain closed curves of ordinary character, 
bat nowhere inside the curves. Pmncart and Qowraat show that 
each curve is a natural boundary for the analytic function ^2) 
defined by (6) in its interior, Borefa proof is as follows. D^ 
not« the component of (6) which corresponds to a_ by 

and the remaining part by 

" Aela Soeittali* FenniM, vol. 12 (1883), p. 341, and Amer. Jcvm. of MaA, 
vol. 14 (1892), p. 201. 

tCbnpl. Btnd., vol. 94 (1882), p. 7Ili. 
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It is eviilent that if a, lies within any one of the cnrves considered, 
a^ is a pole of 0(2). Now when these interior poles condense in in- 
finite number in the vicinity of any point of the curve, it must, 
of course, be a singularity of ^«). Consider next any one of the 
points a, which lies upon the boundary but is not a point of con- 
densation of the interior poles, and let 2 approach this point along 
the normal. Describe a circle upon the line z—a^aa diameter. 
If z is sufficiently near to a^, the circle will exclude every one of 
the points a^ excepting a^ which lies upon its boundary. Sinoe 
also ^A^ is absolutely convergent, by increasing r the second 
component of ^,(2) may be made less in absolute valne than 
</|z — aJl", in which e is an arbitrarily small prescribed quantity. 
If, then, H denotes the maximum of the first component of ^,(z) 
aa z now moves up to a,, we have 

Consequently, 

lim ^2) ■ (2 — aj" = lim ^,(2) ' (« - «,)"* + li" *»(2) ' (a - «.)" --B.- 

This shows that | ^z) | increases indefinitely when 2 approaches 
any pole a, of the mth order aloi^ a normal, and removes the pos- 
sibility that the poles, because they are infinitely thick upon the 
curve, may so neutralize one another that the function can be car- 
ried aaalytically across the curve at a_. As, moreover, we sup- 
pose the points a, of order m to be everywhere dense upon the 
curve, it must be a natural boundary. 

It is apparent now that the expression (6) continues the initial 
function ^(2) across a natural boundary into other regions where 
it defines in similar manner otlier analytic functions with natural 
boundaries. But, it may be asked, is there any proper sense in 
which these analytic functions may be r^arded as a continuation 
of one another? Just here Borel steps in and, af^r imposing 
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■ »- ^ 

farther conditions, shows that when the function defined b; (6) 
within some one of the carves is zero, the functions defined within 
the other curves must also vanish.* ^^Take m == 1, bo that 

(') *<') = ^-4i;; 

By a linear transformation 



any interior point of one curve may be taken as the origin and 
any intenor point of a second curve may be transformed stmuU 
taneously into the point at infinity without chan^ng t^e character 
of the series to be investigated. Now at the origin the successive 
coefficients in the expansion of ^z) into a Taylor's series are the 
negative of 

(8) X^, xi I^,-, ... 

while those in the expansion for z = co are 

(9) 24,, 24,a,, S^X. ■■■• 

Bfxrel proves that when 

lim y'X^ — 0, 

the ooeSioients (9) must vanish if those given in (8) do. Any one 
<tf the analytie fuBotions under discussion is therefore completely 
determined by any other, the expression (7)being the intermediary 
by which we pass from one to the other. 

So far as yet appears, this method of continuing an analytic 
function across a natural boundary is of very limited applicability. 
Its significance has been made clearer by Boreas later memoir in 
the Acta Mathematica. Here the rational fractions are of a less highly 
specialized character, but the essential nature of the investigation 
can still be exhibited without abandoning the expression (6). Let 
I j1^ I < m"^'j where u, denotes the nth term of a convergent series 

* or. pp. '62-33 ot his thesis or pp. 94-9S ot bis T/UorU <j» foMimu. 
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of positive numbers. We Bhall suppose that the poles of the terms of 
(6) are everywhere dense over a large portion of the plane, leaving, 
however, at least one area free from poles, so that there shall be an 
analytic function to continue, though even this is not necessary. 
Bord proves that parallel to any assigned direction there will be 
an infinity of straight lines, everywhere dense throughout the 
plane, along which the series (6) will conveige absolutely and 
uniformly. The function defined along these lines is therefore a 
continuous one. 

The proof of this result is short and simple. Describe about 
the poles a^ as centers circles which have successively the radii 
i*^(n =• 1, 2, ■ ■ ■). If there is any point which lies outside all of 
these circles, the series (6) must there convei^, since at such a 
point ^e absolute value of the nth term is 

|(z-aj-] «: -' ^ ^ ■" 

that is, less than the nth term of a convei^nt series of positive 
numbers. But are there points outside of all the circles? To 
settle this question, take any stmight line perpendicular to the 
assigned direction and project orthc^nally all the circles upon the 
line. The total sum of all the projections, 2£u^ will be conver- 
gent. Moreover, by cutting off a sufficient number of terms at 
the be^inuiog of (6), the sum of the projections may be made leas 
than any assigned segment ah of the line. Let N terms be cut 
off for this purpose. Take any point o of the segment which does 
not lie upon the projection of any circle nor coincide with the 
projection of one of the first N poles of (6). At c erect a perpen- 
dicular to ah. This will be a line parallel to the assigned direc- 
tion which throughout its entire extent lies without all the circles, 
excepting possibly the first N. Hence the series (6) will con- 
verge absolutely and uniformly along the line, even though the 
line lie infinitesimally close to some set of poles in the system. 
Lastly, because ah was an interval of arbitrary length, these lines 
of convergence must be everywhere dense throughout the plane, 
obviously forming a non-enumerable aggregate. 

r.,iz.dbyGoOgle 
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Siuoe the series ia uniformly convei^nt, it caa be integrated 
tenn by term. Clearly alao the numerators A^ in (6) can be bo 
conditioned that the term-by-term derivative of (6) shall be 
uniformly convergent Then the derivative of ^z) is coincident 
with the derivative of the aeries. It is even possible to so choose 
the A^ that the aeries will be unlimttedly differentiable. 

I may add that in any r^on of the plane there will be an 
infinite or, more specifically, a non-enumer^le set of points, 
through each of which passes an infinite nnmber of lines of con- 
vergence. If a closed curve is given it will be possible to 
approximate as closely as desired to this onrve by a rectilinear 
polygon, along whose entire lei:^;th the series converges and defines 
a continuous foootion. Int^ration aroand such a polygon gives 
for the value of the integral the product of 2itr into the sum of 
the reaidnea of those fractions whose poles lie in the interior of 
the polygon. Finally, if we take for axes of x and y two perpen- 
dicular lines of continuity of ^x), all the lines of uniform continuity 
which meet at their intersection will give a common value for ^'(s)> 
and the real and imaginary parta of ^z) will satisfy Laplac^a 
equation: 

Thus we have in ^z) a spedes of quasi-mimogeniG function. 
One question Bord has as yet found himself unable to resolve. 
If ^[z) B along a finite portion of any line, will the series in 
consequence vanish identically ? If this question be answered in 
the affirmative, the analc^y with an ordinary analytic function 
will be still more oomplete. 

Let us now return to the case in which two or more funotiona 
with natural boundaries are defined by (7). The lines of con- 
tinuity just described form an infinitely thick mesh-work along 
which (^x) can be carried continuously from the one analytic 
function into the others. Suppose again that the origin is not a 
point of condensation of the poles a^ so that ^z) can be expanded 
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at the origin ioto a Maclaiiiin's series £c,z'. Kow if a ray ia 
drawD from the ori^D through the pole a^ and the portion of the 
ray between a^ and oo is retained as a cut, the mtb term of (7) can 
be expanded into a series of polynomials 



which converges over the plane so cut. The series (7) cau there- 
fore be renolved into a double series 



??=^«-(i)' 



and this expression will be valid on an infinity of raysfrom the origin 
which do not pass through any of the poles. Since, moreover, the 
poles are an enumerable set of points, Uiese rays will be infinitely 
dense between any two arguments which may be taken. By fur- 
ther conditioning the A^, Bord is able to rearrange the terms of 
the double series so as to form a series of polynomials ^$.(2), 
in which 



<i.(')--t^Mk} 



and in this way he obtains a series of polynomials which is coo- 
vei^nt on a dense set of rays through the origin. 

It also appears that the polynomial series £ Q,(z) can be fonned 
directly from Sc^ without the intervention of (7). "When, there- 
ibre a Maclaurin's series is given which corresponds to snch «□ 
expression (7) as is now under discussion, the continuation of the 
function can be made along the above set of rays. Now the rays 
out any curve upon which either (7) or £ Q,(z) defines a continuous 
function in a set of points everywhere dense. The value of the 
function along the entire curve therefore depends only upon the 
coefficients c, ; i. e., npoD the value of the fiinotion and its deriva- 
tives at the origin. It is shown, moreover, that any point of the 
plane which is not a point of condensation of the poles a, may 
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be converted hy tnuuformation of axes into such an origin. 
Finally, Bord gives a case in which the poles may be eTerywhere 
dense over the entire plane, bo that the function defined by (7) is 
nowhere analytic, and yet ila value is determined along the lines 
of continuity by the value of the function and its derivatives at 
the origin. Here then is a class of non-analytic functions sharing a 
DKwt {tandamental property in common with the analytic functions! 
Is it not then possible, as Borel sunnises, that there is a wider 
theory of functions, similar in its outlines to the theory of ana- 
lytic functions and embracing this as a special case? If so, the con- 
ceptions of Wdeninut and of Meray are capable of generalization. 



Pabt II. On Algebbaic Continued FsAcnoNs. 

Lbctdbe 6. Padfa Table of Apprcximardg and iU 
Appiieatwna. 

Both historically and prospectively one of the most suggestive 
and important methods of investigating divergent power series is 
by the instrumentality of algebraic continued fractions. It is for 
this reason that I have ventured to combine in a single course of 
lectures two subjects apparently so unrelated as divei^«it series 
and continued fiactions. I shall not, however, confine myself to 
the consideration of the latter subject solely with reference to the 
theory of divergent seriea. It is rather my purpose to give some 
account of the present status of the theory of algebraic continued 
fractions. At the close of the next lecture a biblit^raphy of 
memoirs connected with the subject is appended, to which refer- 
ence is made throughout this lecture and the next by means of 
numbers enclosed in square brackets. 

By the term algAraio continued fraction is understood, in difr- 
tinction from a continued fraction with numerical elements, one 
in which the elements — i. e., the partial numerators and deoomi- 
natora — are functions of a single variable x or of several varia- 
bles [16, a, p. 4], Although the term algebraic does not seem to 
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me lo be fortunately dioeen, I shall Deverthelees accept it and use 
it to indicate tlie class of continued fractioDs whicb it is proposed 
to consider here. 

The first foundations of a theory of continued fractions were 
laid by Euler, who early employed them [1, a] to derive from a 
^ren power series 

k, + \x + k^+... (i. + O) 

a continued fraction of the form 

*■ ' 6, + 6,a; -f d, + ft,a: + dj + ' 

A second form, also introduced by Euier * [46, a] ie the more 
familiar one 

a, a,x a^ a^ 
^^^ 1+1 + 1 + 1 +■•■* 

which was later used by Gaiim [34] in hia celebrated continued 
fraction for F(a, y9, y, x)/F[a, j8 + 1, 7 + 1, x). From this time 
on still other forms were discovered so that it became impossible 
to speak of a unique development of a function into a continued 
fraction. Among these forms may be especially mentioned tho 
continued fraction ^ 

*■ ' a,a! + 6, + o^ + 6, + a^ + Aj + * 

used by Heine, Tchebychef, and others in approximating to series 
in descending powers of x. By the substitution of 1/x for x and 
a simple reduction this can be transformed, after the omission of a 
jactor X, into 

(3) ' '^ »■ 

a, + i,a! + dj + 6jX + o^ + 6j + 

The reason for this variety of form and for the occurrence, in 

) traces it back to Lambert [2, a] aod Lagrange, 
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particular, of the three types just ^ven is discussed by Padt in 
his thesis [l€,a]. As this thesis is the foundation for a systematic 
study of continued fractions, it will be necessary to give a recapit- 
nhition of its chief results. 

Let 
(4) S(x) = c, + e,a: + c^ar* + . . . (c, = 1) 

be any given power series, whether convergent or divergent. If 
J^(x)/i>^x) denotes an arbitrary rational fraction in which the 
numerator and denominator an of the pth and 9th degrees respeo- 
tively, there will be p + 9 + 1 parameters which can be made to 
satisfy an equal number of conditions. Let them be so determined 
that the expansion of ^JD. in ascending powera of x shall agree 
with (4) for as great a number of terms as possible. In general, 
we can equate to sero the first p + j + 1 ooeffi<^ent8 of the expan- 
sion of D^S{x) — N^ in ascending powers of x, and no mote. 
Hence, unless N^ and JO have a common divisor, the seties for 
^JD^ agrees with (4) for an equal nnmber of terms, and the 
approximation is said to be of the {p + q + l)th order. In excep- 
tional cases the order of the approximation may b^ either greater 
or lees. Padi examines these exceptional cases and proves strictly 
that among all the rational fractions in which the degrees of numer- 
ator and denominator do not exceed p and q respectively, there 
is, taken in its lowest terms, one and only one, the expansion of 
which in a series will agree with (4) for a greater number of terms 
than any other. Such a rational fraction I shall term an aj^trosn- 
manl of the ^ven series. 

The existence of approximants was, of course, well known 
before Padi, but no systematic examiuatiou of them had been 
made except by Frobmiva [13], who determined the important 
relations which normally exist between them. Fade goes further, 
and arranges the approximants, expressed each in its lowest terms, 
into a table of double entry : 
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5-0 
9-1 
5-2 



£- 


l;:-..c. 




.c. + o,f«+c^ 




*11 




•Do. 


^: 


a 











When the order of approximstion of a rational fraction, taken 
in its lowest terms, is exactly equal to the sum of the degrees of 
numerator and denominator, increased by 1, the fraction will be 
found once and only once in the table. If, conversely, a fractjon 
i^/Z) occurs but once in the table, the numerator and denomi- 
nator are of degree p and q respectively, and the order of the 
approximation which the fraction affords is exactly ^ + y + 1 . 
The approximant is then said by Pad( to be normal. We shall 
also call the table normal when it consists only of normal fractions, 
or, in other words, when no approximant occurs more than onoe in 
the table. 

Obviously all approximants which lie upon a line perpendicular 
to the principal diagonal of the table correspond to the same 
value of p -^q+1. Hence in a normal table they approximate 
to (4) in equal degree, and accordingly may be said to be equxdly 
advanced in the table. If p -\- q+ \ increases in passing fi-om 
one fraction to another, the latter is the more advanced. 

Two approximants will be called con^uotu if the squares of 
the table in which they are contained have either an edge or a 
vertex in common. 

Consider now a normal table, and take any succession of approx- 
imants, beginning with one upon the border of the table and pass- 
ing always from one approximant to another which is contiguous 
to it but more advanced. Padi shows that any such sequence of 
approximants makes a ocmtinoed fraction of which the approxi- 
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mants are the successive convcrgente. * Thus a countless maoifold 
of continued fractions can be formed^ any one of which throu^ 
its convergents gives the initial series to any required Dumber of 
terms and hence defines the series and table uniquely. lu all of 
Pad£t continued fractions the partial nnmeralofs are monomials 
in X, 

The continued fraction is called r^ular when its partial numer^ 
ators are all of the same degree and likewise its denominators, 
certain specified irregularities being admitted in the first one or 
two partial fractions. These irregulariUes disappear when the 
continued fraction, as is most usual, commences with the corner 
element of the table. (Cf. the continued fractions (2) and (3).) 

In a normal table a r^^ar oontiaued fraction can be obtained 
in any one of three ways. If we take for the oonvergents the 
approximanta which fill a horizontal or vertical line, a oontinoed 
iraction ia obtained which — except for the insularity permitted 
at the outset-^is of the form (1) given above. If the approzi- 
mants lie upon the prindpal diagonal or any parallel line, the con- 
tinued fraction is of tjrpe (3). LasUy, if the ooovei^nts lie upon 
a stair-like line, proceeding alternately one term horizontally to 
the right and one term vertically downward, the continued fraction 
is of the familiar form (2). 

When a table is not normal, the approzimants which are iden- 
tical with one another ate shown by Padl to fill always a square, 
the edges of which are parallel to the borders of the table. When 
the square contains (n + 1)* elements, the insularity may be said 
to be of the nth order. The vertical, horizontal, diagonal and 
stair-like lines give regular continued fractions as before, unless 
they out into one or more of these square blocks of equal approzi- 
mants. When this happens, certain irrsularities appear in tiie 
continued fraction which give rise to various difficulties in the 
consideration of matters of convergence and other questions. 

On this account it is natural to inquire first whether the con- 
tinued fraction has or has not a normal character. If it has, the 

*TliU Is kbo tadtlj implittd in th« reUtioiu given b; Frobeaius [13, p. 5]. 
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existence of the three regular types of continaed fractions is as- 
sured. The necessary and sufficient condition that the table shall 
be Dormal is that no one of the determinants 



c, = Oifi<0) 



shall vanish [16, a, p. 35]. It will be noticed that the determi- 
nants are of the same sort as those which play so conspicuous a 
r6le in SddamartFa discussion of series representing functions 
with polar singularities. 

So far as I am aware, the normal character of the table has 
been established as yet only in the following cases : (I) for the 
exponential series [37] and for (1 + x)" when m is not an integer 
[35^d],t by Padg; and (2) for the series otStii^ee, by myself [45]. 

The oonstraction of PadSa table leads at once to a number of new 
and important questions. The numerators and the denominators of 
the approzimants constitute groups of polynomials which it is only 
natural to expect will be characterized by common or kindred 
properties. The table then affords a suitable basis for the classifi- 
cation of polynomials. Thus, for example, the polynomials of 

t At leist balfof the Uilb\aloiF{a, 1, y,x) haa» normal character. Thia wu 
proTed mddentall; in mj th«ais [76] bj showing that the ramainders corre- 
sponding U> approxiniuita on or above the diagonal of the table were all diatinct 
The method of confonnal repreaentatitoi was there employed, but the nune hot 
can also be demonatrated very gimplj bj means of Gftoaa' rdadona intar eontiguat 
(fonnnlaa (19) and (20) of [34]). The approximants in the other half of mj 
table (Cf. [76], p. 44) vera constracted on different principles from Padf a, 
the approximation being made simaltaneooely with reference to too points, 
z := and I ^ 00, bat the reenltlng continued fractions were of the same form 
as Pad^s. It is noteworthy that the rdatitma inter ttmtigwu lead to such a 
table rather than to the one of Fade's conatmctioii. 

In the esse of JX — m, 1,1, — z) k (1 -(-z)-the half of Pad^'s table below the 
diagonal is alao normal, since the reciprocal of the approzimants in Ihe lower 
half are iha approiimants in the upper half of the table for 
J^«,l,l,-«) = (l + «)— . 

The nonnalcbarscler of the table fore* then follows since e'=limJX9i 1| Ij^^?). 
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Legendre and similar polyaomials are obtained from the series for 
\og ( 1 — ^)/(l + ^)i while the namerators and denominators of the 
approzimants for (1 + ar)" ar« the hypei^eometric polynomials 
f\^ — H, — V ± m, — fi + V, — x), in which n and v are int^ers, or 
the BCM»lled polynomials of Jacobi [65] . In tlieee, as in numerous 
other cases, the denominators of the convergents end the remainder- 
functions,* formed by multiplying each denominator into the cor- 
responding remainder, ate solutions of homt^neous linear dif- 
ferential equations of the 2&d order which have a common group, 
and the relations of recurrence between three sucoeasive denomi- 
nators or remainder-fuDotions are the rdationet inter conHffuas of 
Gau«8 and Riemann. (See in particular, [75, d] and [76].) 
The further study of suoh groups of polynomials will probably 
bring to light new and important properties. The position of 
the roots of the denominators should especially be ascertained, be- 
cause the distribution of these roots has an intimate connection with 
the ibrm of the re^on of convergence of the continued fraction 
and oftentimes also with the position and oharact« of the function 
which the continued fraction defines. 

Probably the most fundamental question concerning Pad^t 
table is that of the oonvergenoe of the various classes of oontinned 
fractions or lines of approzimants. The first investigation of the 
convergence of an a^braic continued fraction was made by Rie- 
mann [18] iu 1863, followed by I%omi [19] a few years later.f 
Both writers investigated the continued fraction of Oauaa by 
rather painfiil methods, not based absolutely upon the algo- 
rithm of the continued fraction but upon extraneous considera- 
tions. This is not surprising, for there were at that,tijne no g^n> 
eral criteria for tlie convergence of continued fractions with 
complex elements, and even now the number is astonishingly 
small. 

* In at Ic&at lulf of the table. See the preceding footnote. 

t Aa RlemanD'a work Appeared poathainoiialT, Tlionii'H hM the priority at 
pab1icatiaii(18eS) bntwMltMlt praoeded by Worpitsky'sdlMeitation, to whtcii 
referenee is made In • mfaaeqnent footnote. 
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The two principal criteria for convergeDce oorreapond to the 
familiar tests for the convei^nce of a real continued fraction 

Cfi^ ^' ts ^ 

W X^ + X, + X^+"' 

ID which either (1) all the elements are positive or (2) the partial 
denominators \ are positive and the partial namerators /*, are 
negative. The latter class of real continued fractions is known to 
oonvei^ if \= I ~ f^^. Pnng^eim [29J has shown that when 
the elements are complex, the oonditiou { X^ | = 1 + { fij is still 
sufBcient for convei^nce. If, furthennore, the continued frac- 
tion has the customary normal form in which fi^seX, the condition 
may be replaced by the less restrictive one [29, p. 320], 

The necessary and suffident condition for the convergence of the 
first olass of real continned fractions can be most easily expressed 
after it has been reduced to the form 

If then SX^ is divei^nt, the continued fraction converges, while 
it diverges if 2\^ isconvei^ent* But in the latter case limits exist 
for the even and the odd oonvergents when considered separately. 
This result is included in the following theorem which I gave in 
Uie Tranaactione of 1901 for continued fractions with complex 
elements [31] : If in 

1 1 1 

i;n^ + <^Ti^ + ^+7^, + ■ ■ ■ 

the elements a^ have all the same sign and the /3^ are alternately 
positive and n^;ative, f the continued fraction will converge if 
£ I a^ + t/9^ I is divergent ; on the other hand, if £ | a_ + i/3^ | is 

*8eidel, nabUtiaUotutiJayi, 1846, aod Stera, Joarn-fitr UaOt., vol. 37 (1848), 
p. 269. 

t Zero vilaes are permieaible for either a, or^i. 
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convet^nt and other the a^ or the yS^ fulfill the coadition just 
stated cuDcerning their signs, the even and the odd convergents 
have separate limits. 

The most general criterion for the convergence of 

b, 6, 6, 

1 + 1 +1 +■" 

{b^ real ur oomplex) seems to be the one which I gave in October, 
1901 [32, 6, §5]. 

Two remarks of a general nature conoerning the convei^nce 
of algebraic continaed fractions ma; be of interest. In the con- 
sideration of namerical continued fractions a difficulty frequently 
encountered is that the removal of a finite number of partial 
fractions m./X, at the beginning of (5) may aSect its convei^nce 
or divergence. The convei^noe is therefore not determined 
solely by the ultimate cbaracter of the continued fraction, as is 
true of a series. Pringthdm [29] has proposed to call the con- 
vergence unoojidUumal when it is not destroyed by the removal 
of tbe first n partial fractions of (5). The difficulties due to con< 
ditiooal convergence usually disappear from consideration in treat- 
ing algebraic continued fractions. For let NJD^ now denote 
the nth convergent. If after the removal of the first n partial 
fractions the continued fraction converges uniformly in a given 
region and accordingly represents a function F\z) which is holo- 
morpbic within the r^ion, then afler the restoratios of tbft initial 
terms the continued fraction will define the function 

which must be either bolomorphic or meromorphic within the given 
r^ion [32, a or c] . An exception occurs only if the denominator 
of (6) vanishes identically in the region. This is impossible for 
the second and third types of continued fractions, since the de- 
velopment of a rational fraction — -D,/-D,_, in either type (2) 
or (3) consists of a finite number of terms, whereas the develop- 
ment oi F{z), by hypothesis, continues indefinitely. 
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The second remark relating to convergence is that its discus- 
giou for a oootinued fraction te usually reduced to the correspond- 
ing question for an infinite series. The Buccession of coovergents 

is, in fact, obviooslj' equivalent to the series 

But tbe latter by means of the familiar relations connecting the 
denominators or tbe numerators of three consecutive eonvet^nts 
- may be reduced to the form : 



P) ■ 


••"•U.i'.., 






+ i>.«-0.« 



We turn now from these general considerations to the questions 
of convergence connected with Padl'a table. Under what con- 
ditions will the various lines of approximants convei^e ; in par- 
ticular, the three standard types of continued fractions obtained 
by following (1) the horizontal or vertical lines, (2) the stair-like 
lines, and (3) the diagonal lines ? When they converge simul- 
taneously, have they a common limit? If not, what are the 
mutual relations between the functions which they define? What 
is the form of the region of convergence ? 

These and other questions press upon us, and are of great in- 
terest. A complete investigation baa been made only for tbe 
exponential series. Padi [37, a] finds that when pjq for any suc- 
ceasion of approximants ^UI>„ converges to a value u, the ap- 
proximanta convci^ toward the generating function €" for all 
values of X. Furthermore, the numerators and denominators sepa- 
rately convei^, the former to the limit e-^-+i, the latter to g-'^"**. 
This smooth result is not, however, a typical one, not even for 
entire functions. It is due at least in part to the fact that e" is 
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an entire fuDctioD without zeros. This will be apparent after &a 
examination haa been made of the vertical and horizontal lines 
of Padfg table, which we now proceed to consider. 

It is obvious that the first p + q + 1 terms of the given series 
(4) determine an equal number of terms of the series for its re- 
ciprocal. If, tlierefore, in the table each approximant is replaced 
by its redprocal and the rows and columns are then interchanged, 
we shall obtain the table for the reciprocal series. The problems 
presented by the horizontal and vertical lines of the table are con- 
sequently of essentially the same character, and our attention may 
be confined henceforth to the horizontal lines alone. 

By the interchange just described the zeros and poles of (4) 
become the poles and zeros respectively of the reciprocal function. 
In the case of the exponential funcdon the reciprocal series has 
the same character as the initial series, each defining an entire 
function without zeros, and the simultaneous convergence of rows 
and oolumns for all values of » was therefore to be expected; but 
in general this does not hold. 

In investigating the convergence of the horizontal lines the first 
case to be considered is naturally that of a function having a number 
of poles and no other singularities within a prescribed distance of 
the ori^n. It is just this case that Monteuua [33, a] has exam- 
ined very recently. Some of you may recall that four years ago in 
the Cambridge colloquium Professor Oagood * took Hadamard's 
thesis t B8 the basis of one of his lectures. This notable thesis is 
devoted chiefly to series defining functions with polar singularities. 
Monfeasua builds upon this thesis and applies it to a table possess- 
ing a normal character. Although his proof is subject to this 
limitation, his conclusion is nevertheless valid when the table is 
not normal, aa I shall show in some subsequent paper. 

The first horizontal row of the table scarcely needs considera- 
tion, for it consists of the polynomials obtained by taking sno- 
oessively 1, 2, 3, • • • terms of the series. Consequently the con- 
tinued fraction obtained from the first row, 

"BaU. t^the Amtr. Math. Son., vol. 6, pp. 74-78. 
t Joum. dt Math., ser. 4, »ol. 8 (1892). 
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1 — a^x + o, — o^ + o, — a^ + a, — ' 
is identical with the series, and its region of coDvergence is a 
circle. 

Let i£, be the radius of this circle and q^ the nnmber of poles 
of (4) which lie upon its drcumference. Suppose also that the next 
group of poles, q^ in number, lie upon a circle of radius R^ hav- 
ing its center in the origin ; that q^ poles lie upon the next circle 
(R^ ; and so on indefinitely or until a circle is reached which con- 
tains a non-polar singularity. Hadamard (l, e., $18) has proved 
that the denominators D of the approximants of the (9, -f- l)th 
row, of the {q^ + g, + l)th row, and so on, approach a limiting 
form as we advance in the row, aud that the limiting polyoomials 
give the positions of the first q„ ?, + 5^ ■ ■ ■ poles respectively. 
Thus if, for example, 

^y.^*x = 1 + ■^=" + -^.^ + ■ • ■ + -8^**" 
and 

lira B'^ = B„ 

the first group of poles are the roots of the polynomial 
1 -f- BjX + ■•■ B^^. Using this result of Hadamard, Mt3nUa~ 
eaa shows that in a normal table the approximants of the (f , + 1 )th 
row converge at every point within the circle {R^ — excepting, 
of course, at the q^ poles — but not without this circle ; that the 
approximants of the (;, -1-9,-1- l)th row converge similarly within 
the circle (ifj except at the included 9, + 9, poles ; and so on. 
In proving this Monte^ma makes use of an idea advanced in 
Pad^a thesis ([16, a, p. 51], or [24]) which, though applicable in 
the present case, is possibly somewhat misleading. In Pad^s con- 
tinued fivctions the partial numerators /*< &■% monomials in x. This 
is due to the iact that there is a steady increase in the order of the 
approximation afforded by the sncces^ve convei^nts at ;e ■• 0. 
Condder now the series (7), and let T denote the region or set of 
points in the a;-plane for which | i>_ |, from and after some value 
of n, has both an upper and a lower limit Then in T the con- 
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tinned fraction will converge or diverge eimultaneonBly with the 
power series, 

(8) /*.1.| — /*-+!'*,+ » + '*-+l'*.+j'*-+8 ■ ■ ■ • 

Call C the drde of convergeaoe of (8). At all points of T 
within C the continued fraction converges, and at all exterior 
points of T it diverges. On this account Padi proposes to call 
C the " drcle of convergence " of the continued fraction. In the 
oase which we have just been discussing this concept is applicable 
because of the existence of limiting forms for the denominators of 
the rows considered. The region T ctHnprises the entire finite 
plane with the exception of the roots of the limiting form, and 
the circle C is successively identical with (i^), {R^, .... Thus, 
as we pass down the rows of the table, we obtun oontinDed frac- 
tions having an increasing r^ion of convergence. 

In introducing the t«rm circle of convergence for a continued 
fraction Padl ignores all points not included in T. Call the ex- 
cluded point-set T. If ] Z>, | increases indefinitely with increas- 
ing n over the whole or a part of T the series (7) may converge, 
and this may happen even though (8) is a divergent series.* The 
term circle of oonveigenoe is therefore an inappropriate one, al- 
though the considerations upon which it is based are useful. 

Nothing more of account seems to be known ooDceniiug the 
the convergence of the horieontal and vertical liDee.t The more 
common and important continued fractions are obtained from 
diagonal and stair-Hke paths through the table. In many familiar 
continued fractious of the second type, 

^ ' 1 + 1 + 1 + 1 + ' 

*The coefficient! in the continaed fraction of Stiellje* (diKUMed later in the 
lectQre] can be easilj mo determined u to give a caie of thU lort, the region of 
oouTerfence of (7) being the entire plaae with the exception of the negative 
liKlf of the real axii. We Mippose, with Pad^ ibtt the absolute term of Dh i* 
taken equal to 1. 

t It IB perhaps worth noting that the coefficients in the fint tjpe of continued 
fractions can not be selected arbitrarilj if it is to be connected witb aach a table 
as VaAt constnicta. In the other two tjpes the coefficienta are entiretj arbitiarjr. 
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a, with iDcreasiDg n approaches a limit, as for instance iu tbe con- 
tinued fraction of Qauas where lim a_ = — ^. The aigoificance of 
tbe exieteace of such a limit I first pointed out for a comprebeo- 
sive class of cases in 1901 [32, a], and since then I have shown 
by simpler methods [32, c] that the result is perfectly general. 
Let lim a, = k. Then the continued fraction converges, save at 
isolated points, over the entire plane of x with tbe exception of 
the whole or a part of a cut drawn from x = — \jAh to x — oo iu 
a direction which is a continuation of tbe vector from a; « to 
X — — 1 j4k. Within tbe plane thus cut the limit of the continued 
fraction is holomorphic except at the isolated points which (if they 
exist) are poles. When there is no limit for a^ but only an upper 
limit U for its modulus, tbe continued fraction (see [32, &J) is mero- 
morpbic or holomorphic at least within a circle of radius 1/417 
baving ite center in tbe origin.* A special case is tbat in which 
lim a^ 3s 0. Tbe limit of tbe continued fraction is then a function 
which is holomorphic or meromorphic over the entire plane. A 
oomparison of this last result with tbat of MonUtgat shows tbat a 
much greater region of convergence has now been obtained. Tbia 
is doubtless, in general, a reason for preferring the seoond and 
third types of continued fractions to tbe first. 

As another illustration of tbe second type of continued fraction 
I shall choose the celebrated continued fraction oiSUdtjes [26, d\. 
Id this each coefficient a, is positive. By putting a; = 1/z in 
(2), tbe continued fraction, after dropping a &ctor z, can be thrown 
into the form 

(«') h+k+k'+k+k^"' '■"'■"''''■ 

wbicb is tbe form preferred by SHei^es. To every such con- 
tinued fraction there corresponds a series 

* A demonstration of this property within tbe circle (1/417] has been pre- 
rioualy given in a dissertation bjr Wor^Uky [18 bii], which bu come to raj 
notice tor the fint time daring tbe ezaminUion of the proof-ebeett of theee lec- 
tnrea. This ditsertation bears tbe date 1866 and appears to be the earliest pub- 
lished memoir treating of the convergence of algebraic continned fractions. 



(9) 

for -which 



(10) 




The oorreflpondeooe is also a reciprocal one. To every series 
which fulfills these oonditiona there oorrespoods a oontinaed frac- 
tion of the above type with positive coefficients. From the con- 
ditioDB (10) it follows that c^ > and that c_/c__, > Vi/".-!- 
If, therefore, the increasing ratio cjc^^ has a finite limit, the 
series is oonvei^nt. On the other hand, if it increases withoat 
limit, the series is diveif;ent. 

In investigating the convergence of the continued fraction die 
especial skill of Stidtjea was shown. From the relation connect- 
ing three consecative denominators (numerators) of the conver- 
gents it was shown easily that either set of alternate denominators 
(numerators) made a Sturm's series, whence it follows that alt the 
roots of the denominators (numerators) lie upon the negative half 
of the real axis of 2. This leads naturally to the oonjectnre that 
the r^on of convergence will be the entire plane of z with the 
exception of the whole or a port of the n^;atiTe half axis, and 
that the functional limit will have no zeros exterior to this half 
of the axis. First the convergence is examined when z is real 
and positive. The criterion of Sddd, cited previously in this 
lecture, then applies. If, namely, Saj^ is divergent, the oontianed 
fraction will converge along the positive axis, while if £a^ is oon- 
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vergent, the two seta of alteroate convergents have limits which 
are distinct. The conolasion is next exteoded hy Stidljtt to the 
half of the complex plane for which the real part of 2 is positive. 

This brings him to the difficult part of his problem, the exten- 
sion of the result to the other half-plane but with exclusion of the 
real axis. Here, particularlj, Stidtjea [26, a, § 30] shows his 
ingenuity. He overcomes the difficulty by establiehing first a 
preliminary theorem which is of vital importanoe for sequences 
of polynomials or rational fractions. The theorem is as follows. 
Let /,(«), /,(b), ■ ■ ■ be a sequence of functions which are holoroor- 
phic within a given region T, and suppose that £)^j/^(£) is uni- 
formly convei^nt in some part T" of the interior of T. Then 
if /,(») +/^2) + ■■ ■ -i-fJl^) has an upper limit independent of n in 
any arbitrary re^on T' which includes T" but is contained in the 
interior of T, the series £/,(£) will convei^ uniformly in T' and 
^erefore has as its limit a function which is holomorphic over the 
whole interior of 2**. 

In the application of this theorem Sfidijea decomposes each 
convergent NJz)(DJz) into partial fractions, 

in which 

From this it follows that N^/D, has an upper limit independent 
of n in any closed r^on of the plane which does not contain a 
point of the negative half-axis. If now in either the sequence 
of the odd convergents or of the even conveif^ts we denote the 
nth term of the sequence by JV_/i)_.and place 



/,«+/,«+•■■+/.(»). 






the series ^^ifjz) converges uniformly in any portion of the plane 

*For a farther eztenaion oT this line of work, see Oigood, Annalt qf Math., 
Mr. 2, vol. 3(1901), p. 2S. 



Dicized by Google 



150 THE B08T0K COLLOQUIUM. 

for which the re&l part of z is positive. All the oooditions of the 
Imuna of Stid^ea are dow fulfilled, and the i^ion of ooavergence 
may be exteoded over the entire plane with the exoeptioa of the 
n^ative half-axis. 

On account of the uniform character of the oonvergence the 
limit of either Bequenoe is holomorphic at every point exterior to 
the D^ative half-axis. When 2a^ is divergent, the two limits 
coincide and the continued fraction itself is oonveif;ent. On tjie 
other hand, if So^ is convergent, the two limits are distinct. 
Stid^a shows also that in the latter case the numerators and the 
deDominators of uther sequence converge to holomorjAic functicms 
^z), giz) of genre 0, and .the two pairs of functions are connected 
\>y the equation 

9(z)p»-5,(z)p(z)-l, 

which corresponds to the familiar relation 

A more direct method [31] of demonstrating the oonvergence 
results of StUl^ea is hj an extension * of the criterion previously 
cited for the oonvergence of continued fractions in which the 
partial fractions 1 /(a, + iff^ have an a, of constant sign and a 
j8, of alternating ugn. The introduction of the lemma of iSti^ea 
is oonsequently nnneoessary, but I wish nevertheless to emphasize 
its fundamental importance. Other notable results which it will 
be impossible to reproduce here are also contained in his splendid 
memoir. 

■ If noindy, 2 i <>■ + ^'b I i* divergait aod the ooadition oouoemiiig the sigiu 
uther of th« a. or of the j9a m fulfilled, the contimied, fraction will converge pro- 
vided 1<<al/l^ol hat K lower or an npper llout reqwctirely. Put now t =n* in 
(B') BO that it becomn 



if- - - -V 



When 'Sfl', i> divergent, thii falls under the eiiended criterion if we put 
a'o^a^ ■+ i^^, except when i U negative. On the other hand, when %a'^ in con- 
vergent, the criterion appliea without eitenaion directlj to (S'). In either case 
theanifonn character of the convergence follows with the addition of a few lines. 
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It is interesting to bring this work of StieUjea into connection 
with the table of Fade [44]. The odd convei^nts of the con- 
tinued fraction of StUUjes fill the principal diagonal of Padi't 
table, thus constituting hj themselves a continued fraction of the 
third type, and the even convergents fill the parallel file immedi- 
ately below, forming a similar continued fraction. The signifi- 
cance of distinct limits for the two seta of convergents is thua 
made clearer. 

The series of Stiel^ea has perhaps its greatest interest when 
treated in connection with the theory of divei^nt series. Although 
the continued fraction always convei^;es if the series does, the con- 
verse is not true. For when the series (9) is divergent, two cases 
are to be diatingaished according as 2a^ is divergent or conver- 
gent. In the former case the coutinaed fraction gives one and 
only one functional equivalent of the divergent aeries. Le Boy 
states,* though without proof, that the function furnished is 
identical with the one obtained from the series by the method of 
Bord, whenever the latter method is applicable also. When £a^ is 
convergent, two different functions are obtained from the con- 
tinued fraction, the one through the even and the other through 
the odd convergents. And if there are two such functions which 
correspond to the series, there must be an infinite number. For 
if ^x) and ^x), when expanded formally, give rise to the same 
divei^nt series, so also will 

l+c ' 

in which e denotes an arbitrary constant. Special properties, 
however, attach themselves to the two functions picked out by the 
continued fraction of StieUjea, upon which we can not linger here. 
This result of StieUjea seems to me to be especially significant, 
since it indicates a division of divergent series into at least two 
classes, the one class containing the series for which there is prop- 
erly a single functional equivalent and the other comprising the 

* Lot. eU., p. 428. 
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serieB whicli correspoDd to Beta of functions. It is, of course, 
just poeaible that thu distioction may be due to the nature of the 
algorithm employed in deriving the functional equivalent of the 
aeries, but it is far more probable that the difference is intrinsic 
and independent of the particular algorithm. If this view be cor- 
rect, the method of Borel which ^ves a single functional equivalent, 
is limited in its application to series of the first class. 

An extension of the work of Stidtjta baa been sought in two dis- 
tinct directions by modification of the conditions imposed upon bis 
series. Bord [43] so modifies them as to make the series (when 
divei^nt) fulfill the requirement imposed in lecture 2 and permit of 
manipulatioD precisely as a convergent series. In the last number of 
the TVafiMcfunu * [45] I began a study ofseries which are subject to 
only one of the two restrictions expressed in the inequalities (10), 
but was obliged to bring the woi^ to a hurried close to prepare these 
lectures. In the main, the oorresponding continned fractions have 
the same properties aa the continued fraction of Stid^ea, but a con- 
siderable differeoce is shown in r^;ard to oonvei^nce. Though 
the roots of the numerators and denominators of the convei^entB 
are still real, they are no longer confined to the negative half 
of the real axis, and may be infinitely thick along the entire 
extent of the axis. In oertun cases the continued fraction oon- 
verges in the interior of the positive and negative half planes, 
defining in each an analytic function which has the real axis as a 
natural boundary. The continued fraction therefore effects the 
continuation of an analytic function across such a boandary, and 
g^ves a natural instance of such a continuation f — natural in dis- 
tinction from artificial examples set up with the express object of 
ehowing the possibility of a unique, non-analytic extension. 

Pade [17, a] has su^eated the foundation of a theory of diver- 

•Julj, 1903. 

t Earlier instaoow of • natunl contiuiMtion are alio to be found, u, for 
example, that afforded b7 

acra« the axis of resit. 
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geat series upon the oontinued fractions of his table. The di£S- 
oulties of carrying out the su^estioa are undoubtedly very great 
and have been pointed out by Bord.* Not only must the oon- 
vei^nce of the principal lines of approximants and the agreement 
of their limits be investigated, but the combination of two or more 
divei^nt series must also be considered. It is not enough to point 
out, as does I^adi, that the approximants of given order for any 
two series, whether divergent or convei^nt, determine uniquely 
the approximants of the same or lower order for the sum- and 
product-series. For practical application of the theory it must be 
proved also that the function defined by the table corresponding 
to the new series is, under suitable limitations, the sum or product 
of the functions defined by the given divei^nt series. But great 
as are the difficulties of such an investigation, even for restricted 
classes of series, the reward will probably be correspondingly 
great. 

So far as it has been yet investigated, the diagonal type of con- 
tinued fractions seems to have accomplished nearly everthing that 
can fairly be asked of a sequence of rational fractions. Not only 
does it afford a conveaient and natural algorithm for computing 
the successive fractions, but in every known instance the r^on of 
oonvergenoe is practically the maximum for a series of one valued 
functions. The continued fraction otHalphen [21, a] , so frequently 
cited as an instance of a oontinued fractiou which diveiges though 
the corresponding series convei^es, might appear at first sight to 
be an exception. But this divergence occurs only at special points. 
In fact, the continued fraction not only converges at the center of the 
circle of convergence for the series, but, as Halphai himself says, 
continues the function over the entire plane with the exception of 
certain portions of a line or curve. If then, continued fractions 
offer such advantages for known series and classes of functions, is 
it too much to expect that in the future they will throw a powerful 
searchlight npon the continuation of analytic functions and the 
tlieory of divergent series? 

* Lt* Siriet dittrgenU*, p. 60. 
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Lecture 6. 7%e Oena-aUzation of Vie Chntinued Fraction. 

In the last lecture the algebraic ocntinued fraction was presented 
nnder the Form of a series of approximants for a given function. 
An immediate generalisation of this conception can be obtained 
either by increasing the number of points at which an approxima- 
tion is sought or by requiring a aimaltaneoas approximation to 
several functi<His. The latter generalization results at once from 
an attempt to increase the dimensions of the algorithm or, in other 
words, the number of terms in the linear relation of recurrenoe 
between the successive oonvergents or approximants. As this 
generalization is without doubt the more important, I shall make 
it the chief subject of this lecture. But a few words, at least, 
should be devot«d to the former extension, which is worthy of a 
more careful and systematic study than it has received. 

Denote again by ^(x)/D,(a!) a rational fraction with arbitrary 
coefficients. These can, in general, t>e so determined that its ex- 
pansion at a; — shall agree for n, successive terms with a given 
series 

c, + e^x + cji? + •■• 

its expansion at x s a, for n, successive terms with 
4, + 6,(. •-<.,) + i^i -«,)■+■•■, 
at x — Oj for n, successive terms with 

A, + kS.x - a,) + i^* - cj' + ■ ■ ■ , 
and so on, the total nnmber of conditions thus imposed being eqaal 
to ]> + 9 + 1 or the number of parameters in the rational frac- 
tion. To each set of values for the n^ and q there corresponds an 
approximant, and the various approximants can be arranged into 
a table of multiple entry according to the values of these quan- 
tities. Continued fractions, at least in the case of a normal table, 
can then be obtained by following any path which passes succes- 
sively from one approximant to another contiguous to it but more 
advanced in the table. As we proceed along the path, the degree of 
approximation for each of the points Q,a„a^--' must not decrease 
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while at each step it la to increnBe for at least some one point. The 
partial numerators of the continued fraction are then either posi- 
tive iot^p^ powers of a;,x—a„ x~a^ - ■ jor the producte of such 
powers. The d^^rees of the approximations obtained by stopping 
the cootinaed fraction with aaj term can be inferred readily from 
the degrees of the partial numerators inx,x — a^,x — a^--. The 
details of the theory have not been worked ont."* 

The interest of such work can perhaps beat be made apparent 
by referring to the developments for the simplest case in which 
each n^ is taken equal to I. The rational fraction ^pf^. is then 
completely determined by the requirement that at p + g + 1 given 
points a, = 0, a„ o^ ' • ■ it shall take an equal number of pre- 
scribed values, A„ A^ A^ ■ ■ ■ . If these are the values which a 
single function aseumes at the points, we have the rational frac- 
tions which were introduoed by CfaucAy into the theory of inter- 
polation [99, d\ and which have been quite recently formed into 
a table and examined by Pad£ [112]. As j> + 9 + 1 increases, 
the Dumber of points at which the approximation is sought like- 
wise steadily increases. 

When 9 >= 0, the rational fraction becomes the familiar inter- 
polation-polynomial oi Lagrange, 






,) X— a^ 



<K^) =- (ar - a,) {x-a^)---ix- «,+,+,)• 

This has been put into a very interesting form by Frobemm [95] 
which permits, without reconstruction,t of an indefinite increase in 
the number of its terms. Let us first take 1 /(z — x) as the par^ 
ticular function of x for which an approximation is sought. From 
the equations 

"The oDl^invettigBtionofthiichanicter is found in [76], but on account of the 
nature of the fonctioni there coiuidered certain vuialiona were made in the con- 
•traction wT the table. 

t a. also [B9, a]. 
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1 1 1 x-a, 



- o,) — (a; — o,) z — a^ z — a^ z — x 
2 — a, a— 0|\2 — Oj z — a^' z — xj 



m — ^1 «-«■ , (a;-o,X»-«,) ■ 

\*^ a-a; z— a, (z — a,)(« -a^'^(B— o,Xz-o,)(8-cg ^'■■' 

18 immediately derived, provided that the a^ are so distributed as 
to falfill proper oonditioos for the convergence of the series. If 
now we take saooessively 1, 2, 3, ■ • ■ terms of the expansion, we 
obtain the aeries of pol/nomiala, 

JV„(aj)--J— , v/a.)__J_+ ?Jr_£! 

"^ ' * — o,' 1^' z~a^ (» — o,)(z — <^ 

and it is evident that NJx) for the n + I values x~a^,a^•^ ; a,^ 
agrees in valae with 1/(2— «). By applying to (I) the well- 
known formula of Euler [I, a]* for converting any infinite series 
into a continuous fraction it follows immediately that these poly- 
nomials are the snooessive oonveigenta of the ccmtinued fraction 

1 « — 0| X— a^ 



1 - 1 + ' - 1 + * - 

Z — Oj £ — Oj 

The generaliiation of formula (1) can be made at once in the 
familiar manner by the use of Cauehy'g integral. We get tjiua 

■'W-2,vJ »-it ■'*°''+ 2i7r J (s-o,)(«-o,)+ ' 
which by placing 

*.(») = (a! - <",) ("i - «J ■ ■ • (* - aj 
may be written 

*Cf.BnefUopiidii'UrUa*. H'm., I A 3, p. 134, tonnnU (104). 
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. + («-oJ(x-a.)...(»-<,.)S 



/(-,) 



SI «„(«.) ' 

For most iotereeting digcuBaions of tbe coDvergence and properties 
of series haviog the form 

A, + A^x - o,) + A^x - o,)(a! _ aj + . . . 

I may refer to memoirs \>j FriAemvs [96] and Bendiasaon [99, o] . 
I shall content myself here with pointing oat one simple appli- 
oation which is given implidtly by both writets but has been 
noted again recently by Lauretd [103]. 

Let /(a;) be any analytic fujwtion the valaes of which are given 
at a series of points p^ having a regnlar point P as their limit. 
Describe aboat P as center any circle C within and npon which 
J{x) is holomorphic, and denote the points p^ which &11 within 
Uiis circle by a„ (^ ■ ■ ■. Then lim a^ = P. If now z describee 
the perimeter of the circle and a; is a fixed interior point, the 
series (1) will be nniformly convergent and consequently permit 
of integration term by term. Equation (2) therefore gives an 
expression for J{x) which is valid in the interior of C. This ex- 
pression shows at once that an analytic Amotion is determined 
uniquely when ita values are known in a sequence of points having 
a regnlar point P as their limit. If, in particular, each ^aj h 0, 
f(x) must vanish idenUcally. In other words, tbe eeros of an 
analytic function can not be infinitely dense in the vicinity of a 
non-singular point. Further, Bmdixson points out that the oon- 
vei^noe of the right hand member of (2) is not only the necessary 
but the suffident oondition that J(a^), /(Oj), Jli^^, ■■■ shall be the 
values of some analytic function at a set of points a^ having a limit 
point P. 

We turn now to the generalization of the algorithm of the coa- 
tinned fraction. Tbe first investigation on this subject is found in 



Dicized by Google 



158 THE BOSTON OOLLOQUIUU. 

a paper of Jocofri,* pabluhed posthumouBly in 1868. The devel- 
opments of Jacobi were, however, of & purely numerical nature. 
On this side they have been perfected recently by JV. Mej/er [83]. 
The first example of a functional extension was given by Hermite 
in his famous memoir [84] upon the tnuucendence of e, and the 
theory has been developed sinoe independently of each other by 
Pindurle and PtidL 

To explain the nature of the generalization it will be desirable 
first to refer to the mode in which a continued fraction is com' 
monly generated. Two numbers or functions,^ and /,, are given, 
from which a sequence of other nombers or fuDctions ia obtained 
by placing 

/.-v. -A 

(3) A-\f,-f,. 



in which the X, are determioed in acoordance with some stated 
law. For the quotient fjfi, we obtain Buocessively 

/. 

and it therefore gives rise to the continued fraction 

By means of the equations (3) each f^^^ can be expressed linearly 
in terms of Uie initial quantities /„,/,. Thus 

(5) /,^i-A-4.y; + A.-+./« 

in which Ao„^^, ■^i,.+i are polynomiab in the elements \j. It is 
easy to see that these polynomials both satisfy the same difference 

* "Allgemeine Theorie der kettenbrachiUiDlich«D Algorithmen, in welchen 
}ed« Zafal auB drei vorhergehendeii gebildet wird." Jimm. fir Maik., vol. 69 
(1866), p. 29. 
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equation as f„ 

and for their initial values we have 

j1, ,«1, ^(,,,«=0, 

J,.i=X„ ^„.j= -1. . 

ConHequently A,„ aod — A^^^ are the numerator and denominator 
of the (n — 1 )th convergent of (4). 

When the generating; relations have the form 

f.-KA + i'J^ 

the resultant continued fraction is 

w ^ + '^/^ + -- 

A diatioction then appears between the system of functiins 
(■^t.n+ii — -^ii,i>+i) >"><1 t)^c system which consists of the numerator 
and denominator of the nth convei^nt. Though the quotient 
of the two functions of either system is the nth convergent, the 
former pur of fund^ons satisfy the same relation of recurrence as 
the^ namely, 

/.-^„,/.t, + ".«/„,; 

while the corresponding relation for the other system is 
9. - K9,-, + M.ff..,- 

The latter equation is called by Pincherle [77, a] the inverse of 
the former. In the continued fraction (4) we took /*, » — 1 so 
that the two relations were coincident. 

The immediate generalization of these considerations is obtained 
by taking m + 1 initial quantities f^,f^, ■ • -if^ in place of two. 
With a very slight change of notation we may write 



b Google 



THE BOSTON GOLLOQUIUH, 



(8) 



/. + \/, +"■/■+ • 

A + KA + fJ.-y- 






/.-. + \-.«/.-.t, + "^.^/^t, + ■ 



-'./.-/.♦, 



HieD by expressing /^ in terms of the m 4. 1 given quantities we 

liave 

(') /.-A^J■,-^A,,^,+ ■■■ + A.,J■^ 

in which ^^ , is a poljnomia) in terms of the X^ ft^^j, ■ - - , ^t^..., 
(» — 1, 2, • ■ • , n — m). These m + 1 polynomials j1^ , satisfy 
the same differenoe eqnation (6) as the /^, and for their initial 
values we plainly have 

A^^ ^,,. ... A^, 

n-0 1 ■-• 0, 

R«l 1 ■0, 



n->m ... I. 

Hence they constitute a complete system of independent int^i;ra]8 
of (6). Furthermore, tn analogy with the relation between two 
suooessive oonve^nts of (4), 



1, 



(8) 





1-D. 


". 


;-D.- 


,K-, 


luve [83, a, p. 170] 






A,,. A,,, 


■■ A.,. 




A,.„,A„, ■ 


■ A.,^ 



■(-!)-• 



The relation which is the inverse of (6) has the form 

(9) y.4. + ^j.+.-i + c^.+M + • • ■ + v. - y.-i- 

To obtain a system of independent integrals of this equation, let 
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Pfl^, denote the mioor of A^,, in (8), P, ,, the minor of A,,, after 
the first oolumD baa been moved over the remuning cotnmns so 
aa to become the last, Pt„ the minor of A^^ after the first two 
columns have been moved over the remaioiDg colnmns so as to 
become the last two, and so on. It can be demonatrated easily 
that the desired system ia obtained by placing gt,n^m''Pi,% 
(i — 0, 1, • • -, m), and these new polynomials rather than the 
^f ,, are the true anali^uea of the namerator and denominator of 
an ordinary continued iraction. The connection between the two 
syatems of polynomials is, however, both an intimate and a re- 
ciprocal one, for not only is (9) the inverse of (6) but the converse 
is also true. On this account the two systems can be employed 
simultaneoasly with advantage in working with the generalized 
continued fraction. 

For all except the very lowest values of n the new polynomials 
can be fiiund from the equations* 

(9') P„ + KP,.^, + I'.P,,-, + • • • + 'J",,-. = F...-^,- 
Id place of these reUtioDB it will be often foand eoDvenient to 
employ such a prooesa as is indicated in the following equations 
for m — 2 [83, a, p. 180] .f 



P.,, '■■■' A. ''■'?» 



I'-' + n 






9.,.+ 



(9,,.--M 



9», + — (9.,.--f.) 



•Cf. [93, a, p. 174, eq. X]. 

tCf. E. FilrsteDiu, "Ueber KettenbrSche hohsrer Ordnung" ; JaJiretbtridU 
SUr d-jt konigUehe Seaigymruuiwa tu WUabaUn; 1873 4. See mbo Scott's De- 
II, Chap. 13, {11-12. 
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We may therefore very properly call the system of values 
\ l\ ■■■ 



the norm of a generaliced oootinaed fnotion, which itself oonsists 
of the computation of the P^, , or their ntioe. 

To apply this giiDeralizatioD to the oonatructioa of algebraic 
ooDtinued fractions, it is oolj necessary to select as the m + 1 initial 
fuDctioDs /o, ■ ■ ■ , /. aeries in ascending powers or series in 
deeoending powers of x. The nature of the ensuing theory will 
be explained sufficiently by developing here the simplest case, in 
whidi three such series are given [77, c] Take then 



«.-*.+^+^+- 



C + o). 



'?-^?-' 



+• 



(m. + 0) 



If we next place 

(10) 5, + (ajK + a;)5, + 6,^, - S„ 

the ooeffidente a^ a^, 6, can be so determined that S^ shall b^n 

with at least as high a power-of 1/x as the third. Normally the 

degree is exactly 3, and similarly for each consecutive value of n 

we have 

^■. + («.»' + O'S^+X + ^-S.+I - ^n+t 

in which S^ denotes a series beginning with the nth power of 
i/x. Hence unless certain specified conditJons are satisfied, a 
r^ular continued fraction will be obtained having the norm : 

1 a^ + a'^ 6, 

1 a^x + a[ b^ 

1 a^ + Oj 6j 
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This aorm will not be altered in aay way by dividing (10) 
through by jS',. It is therefore determiaed uniquely by the ratios 
of S^ S^, S„ and conversely the raUos by the norm. 

Without loss of generality we may set S^ ■- 1. Place alao 

(1 1) 5.+, - A,^^ + £,^J, + C^^.S^, 

If then n + 3 in (11), is replaced successively by n and n + 1, 
and the two equations are solved for S, and 8„ we obtun 





p_ 




or 






(12) 


^'-k-k 


i\-o. 


aid 






(13) 


'■-k-k 


(K-i 



■B.«„,-5„,«J- 

An examination of P^ Q^ R^ X^ i*^ will show that their degrees 
in X are 

n—\, n — 2, n — 3, — r— 1, — r. (»— 2r), 

n_l, „_2, n-3, -r-I, ~r~\ {n-2r+l). 

Hence the expanuons of QJP, and RjP^ in descending powers of 
X, agree with S, and S, to terms of degree 3r — 1 and 3r — 2 in- 
clusive if n=2r, and of the 3rth degree if n=2r-f-l. The 
generalized continued fraction therefore aSbrde a solution of the 
problem : to find two rational fractions with a common denom- 
inator which shall give as close an approximation to the given 
functions 8, and iS, as is consistent with the d^r^es prescribed for 
their numerators and denominators. 
When three series in ascending powers of x, 

St = *<;> + *> + ki^x? +■■■ (i =. 1, 2, 3), 
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are choseo as the initial funotions, a more compreheiiaive algoritlini 
can be introdaoed. Padi [79, a] takes three polynomials A'^'(x\ 
A'*}(x), A'^(x) with ondetermiaed ooefficients, the degrees of which 
are indicated by their subeoripte, and requires that thar ooefficients 
shall be so determined that the expansion of 

A';^s,+A^;)S, + Aps^ 

in ascending powers of x shall beg^n with ae high a power as 
posuble. Ordinarily this is the {p + p' +p'' + 2)th power. To 
each set of valaes of p, p', p" he sbowa that there corresponds 
uniquely a gronp of three polynomials which he terms the " aaso- 
dated polynomials," and these groups he arranges into a table of 
triple entry according to the values of p, p', p". An exactly 
similar table can not be oonstmcted for three series in descend- 
ing powers of x, inasmuch as the substitution of 1/x for x in 
•^^'') ■•■> ■^''p' P^M three rational fractions, with powers <^ 2^ in 
the denominators which can not be thrown away unless 

The new table is handled by Padi in the same manner as the 
one previously constructed for a single series. In particolar, be 
examines the relations 

<xAf + ^A'-^i + Y^f/' - vl<'> {i - 1, 2, 3), 

which exist between four suoceeuve groups of associated poly- 
nomials, a, 0,y being rational functions of x which are indepen- 
dent of the value of t. When it is possible to so select a sequence 
■ ■ - Af;\ A'-^\ A'-*\ A^;\ A'i\ ■■■ that a, j8, 7, are polynomials of 
invariable d^ree for any four consecutive terms in the sequence^ 
the sequenoe or continued fraction is said to be regular. In a 
normal table there are found to be four distinct types of such con- 
tinued fractions. It ia worth noting, however, that the diagonal 
type which was the best in an ordinary table, no longer exists since 
it is fonnd that when the sequence fitts a diagonal file of the table, 
a, fi, and 7 are no longer polynomials but rational fraotions having 
a common denomiuator. 
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Id one important respect PadS» investigation has s narrower 
reBch than PiiuherUfs and needs completion. The existence of a 
second group of associated polynomials — the P^ Q^ iJ_ of Pin- 
eherU — is not brought to tight. As has t>eeD already pointed ont, 
it is this second group of polynomials which is the tme anal<^ne 
of the convergent of an ordinary oontinued fraction and which 
must take precedence in considering the convergence of the algo- 
rithm or the oloseness of the approximation afforded to the initial 
functions. PineKerl^t definition of conveif;ence [82] is not, how- 
ever, so framed as to require explicitly the introduction of these 
polynomials. If the given system of difference equations is 

(") At. ""-r.*. + <!./.« + A (»-0,l,2,...), 

the continued fraction is said by him to be conveigent when the 
two fdlowing conditions are fulfilled : 

(1) There is a system of inte^jals F^ F,, F^ of (14) such that 
FJF^ F'^F^h&ve limits for n= oo^andthese limits are different 
from 0. 

(2) There is also one particular integral — called by Pinoho'le 
the ivtegrale di^rUo — the ratio of which to every other integral 
of (14) has the limit zero. 

Pincherl^s interest is evidently concentrated upon this pntf 
tnpal integral. It seems to me, however, more natural to call 
the algorithm oonvaf;ent when the ratios QJP^ and RJP^ (cf. 
Equations 12 and 13) converge to finite limits for n s oo. Under 
ordinary circnmstanoes these limits will doubtless coindde with 
the ratios of the generating functions, fjf^ KnAf^jf^, 

In the case of an ordinary oontinued fraction the two definitions 
coalesce. For suppose that the nth convei^nt NJD^ of (4') has 
the limit L. Then iV, — LD^ is such an integral of the differ- 
ence equation, 

that its ratio to any other integral, k^N^ + A;^^ has the limit 0. 
Conversely, if the principal int^^ral N^ — LD^ exists, there must 
be a limit L for the oontinued fraction. Possibly the case in 
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which the priocipsl iotq^l is D^ might be called an excep- 
tion, since the oontioaed fraction ia then convergent \>y Pincherlt^a 
definition, but lim NJD^ ~ ao. 

A stndy of the conditions of oonvergenoe, so far as I am aware, 
has at present been made in only two special cases. Fr. Meyer 
[83, a, % 7] has made a ftaiial investigation when the ooeffidents 
X^ ■ - ' , y, in equations (6) are n^ative constants. PindierU [82} 
has examined the case in which the ooefGcients of the recurrent 
relation 

/. + ('.^ + «;)/.*, + »y.« -/.« 

have limiting values and finds that the generalized continued frac- 
tion is oonveif^t for sufficiently large values of x. Let the limits 
of the coefficients be denoted by a, a' , and b respectively. To 
demonstrate the convei^nce he avails himself of the notable the- 
orem of I*oimxtri, already cited in Lecture 4. If, namely, no two 
roots of the equation 

(15) «» - W - (oar + o')/- 1 - 

ate of equal modulus, ^//^_, will have a limit for n — oo, and this 
limit wilt be one of the roots of the auxiliary equation (15), 
usually the root of greatest modulus. From this it follows di- 
rectly that AJA^_„ BJB^_„ CJC^_^9S quotients of integrals of 
the difference equation last given, also P^jP^_^, QJ §,_„ ttJR,^i 
as integrals of the inverse equation, have each a definite limit. The 
existence of limits for QJP, and of RJP^ is then established 
for sufficiently great values of x, and the analytic character of 
these limits is finally argued. Let them be denoted by lJ{x) and 
V{x). Then X, - .4, + B^U{x) + C^V{x) is the principal in- 
tegral of the difference equation, and has the following distinctive 
property : Its expanuon in powers of 1 jx begins with the highest 
possible power consistent with the degrees of A^, £_, C_, and 
coincides withyj, for each successive value of n. 
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BlBLIOOBAPHY OF MEMOIBS RELATING TO ALOEBBAIC 

Continued Fbactions. 

In the following bibliography only works in Latin, Italian, 
French, German, and English are included. In Wo^ng's Maihe- 
maHscher Bw^ierschatz (heading K^tenbruche) several dissertations, 
etc., are mentioned which may posably relate to algebraic con- 
tinued fractions bat which are not acoestdble to the writer. They 
are therefore not included here. The writer would be glad to 
have his attention called to any noteworthy omiseions in the 
bibliography. 

In many cases it has been extremely difScult to draw the line 
between inclusion and exclusion, especially under divisions vi-ix. 

Any classification of the material which may be adopted will be 
open to objections, but even an imperfect classiRcatioD will prob- 
ably add greatly to the usefulness of the bibliography. Since 
much of the work relating to algebraic continued fractions appeara 
elsewhere under other headings, it is believed that such a bibliog- 
raphy as is here given may be of service. 

For a brief resume of the theory of algebraic oontinaed frac- 
tions tjie reader is referred to Osgoo^a section of the Enof/klopddie 
dtr J^aih. Wisaenachafi, ii b i, §§ 38-39. 

I. On thb Derivation of Continued Fbactions feoic Powxa 
Sekies. General Theory. 

A. Early Work*. 

1, StUer. (a) Introdnctio ia tuialysin iDfinitomm, vol. J, chap. 18, 

1748. 
iP) De transrormatione serierum in fractlones continuas. Opus- 
cula analytica, vol. 2, pp. 138-177, 1786. 

2. I4uiib«ct. (a) VerwaDdlnngderBrucbe. Beytrage zum Oebrauche 

der Blathematik uad derea Anwendung, vol. 2,, p. 64ff., p. 191, 
1770. 
Ifi) Mgmoire sur quelquea propri^t^B remarquables dea qnantltAi 
transceDdentee circulalree et logarithmiqaes. HiBtoira d« 
I'Acad. roy. des scienoea et belles-lettres k Berlin, 1768. 
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3. Tnaibtor. Recherchea but lee fractions coDtJnuee. VUm. de 

I'Acad. rof. de Berlin, 17M, pp. 109-142. 

4. Tmltf. (a) ExpoaiUo methodi series quascuiuine dalas in frac- 

Uones continuae converteadi. Vim. de I'Acad. imp. des sci- 

enoee de St. P^rabourg, vol. 1, pp. 166-174, 1802. 
(b) De indgni usn itactlonom oontinaanim in calcnlo inta^mle. 

lUd., vol. 1, pp. iai-l»4, 1808. 
6. VlacoratoT. (a) De la m6thode gAuirale pour rcduire toutes aortes 

dec qoantiUe en fractions continues. Ibid., vol. 1, pp. 226-247, 

1806. 
(ft) Eea^ d'une mitliode g£nirale pour r6duire toutes sortes de 

siriee en fractions oontinues. Non Acta Acad. Scieut. imp, 

PetropolitanB, vol. 16, pp. 181-191, 1802. 

6. Bnt Thiorie gtoirole dee fractions continues. Qergonne's 

Annates de Math., vol. 9, pp. 45-49, 1818. Unimportant. 

7. SCBtMTL De tranaformatione seriei in froctionem continuam. 

H6m. de I'Acad. imp. dee sciences de St Ffitersboorg, vol. 7, 
pp. 189-168, 1820. 

8. SIsra. (a) Znr Theorie der Eetteabrikche and ihre Anwendung. 

Jour, nr Math., vol. 10, pp. 241-265, 188S. 
(ft) Zur Theorie der Kettenbruche. Jour, tar Math., vol. 16, pp. 
69-74, 1838. 

9. Hdlsnnana. (a) Ueber die Verwandlung der Beihen in Ketten- 

bruche. Jour, ffir Hath., vol. S8, pp. 174-188, 1846 ; also vol. 
46, pp. 88-96, 1868. 
(ft) Znaammenhang unter den Coefflcienten xweier gleichen Ket- 
tenbruche von verachiedener Form. Zeitschrift fGr Math, und 
Pbys., vol. 6, pp. 862-S6S, 1860. Unimportant. 

10. Hsakd. Ueber die Transformation von Beihen in Kettenhruche. 

Berichte der Sachlschen Gesellschaft der Wissenschaft ni Leip- 
zig, vol. 14, pp. 17-22, 1862. 

11. Mnlr. (a) On the transformation of Qaun' hypei^eometric series 

Into a oontinued fraction. Proc. of the London Math. Soc., 
vol. 7, pp. 112-118, 1876. 
(ft) New general formnlie for the transformation of infinite series 
into continued (Vootions. Trans, of the B. Boa of Edinburgh, 
vol. 27, pp. 467-471, 1876. 

The general formula in these memoirs, which Muir supposed 
to be new, had been previously given by Heilermann in 9(a). 

12. Heine. Mandbucb der Ei^cl'^ction, V Aufloge, 1878 ; chap. 6, 

Die Kettenbriiche, pp. 260-297. 
This gives a good idea of the state of tlie theory up to 1878. 
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B. The Modem Theory. 
The beginningB of this theory are to be found in Nos. 110 
and 111. 

15. nvbMiiiiB. Ueber Relationec zwischen den NahemngBbruchen von 

Potenzreiben. Jour. furM»th., vol. 90, pp. 1-17, 18S1. 

This flind&mental memoir marks an important advance. Bee 
16(a). 
14. Stidt]M. Sur la reduction en fraction continue d'unes^e pro- 
c6dant auivant lea puiaaancee deecendantee d'une variable. 
Ann. de Toulouse, vol 8, H, pp. 1-17, 1889. 

16. Plncherle. Bur nne application de la th6orie des fractioiia contin- 

ues alg^briques. Comp. Rend., vol. lOS, p. 8S8, 1889. 

16. P«dt. (a) Sur la representation approcta6e d'one fonctlon par dee 

fVactions rationnellee. Theeis, published in the Ann. de I'Ec. 
Nor., aer. 8, vol. 9, supplement, pp. 1-9S, 1892. 

This very ftindamental memoir is the best one to read for the 
purpose of learning the elemente of the theory of algebnuc 
continued fractiona. The same point of view is taken as by 
Frobeniua in (IS) and is more completely developed. The 
thesis was preceded by the two fbllowing preliminary notes : 

(a^) Sur la representation t^prochie d'one fonctioa par des 
inactions rationnellee. Comp. Rend, vol. Ill, p. 674, 1890. 

(o'O Sot lea fractiona continuea r6gull&res relativea a ^, 
Comp. Rend, vol. 112, p. 712, 1891. 

(b) Bechercbea nouvellee sur la dlstribntion dee fhictions 
rationnellee approchies d'une fbnction. Ann. do I'Ec Nor., 
eer. 8, vol. 19, pp. 168-169, 1902. 

(c) Aperf^ aur lee dSveloppements r^nta de la thiorie des 
fkwitions contlnuee. Gompte rendu du deuxi&me Congrda inter- 
national dee math^maticienB tenu a Paris, pp. 267-264, 1900. 

Only a restricted portion of the field is here reviewed, and in 
thia portion the important work of Fincberle ia overlooked. 

17. PaU. (a) Bur lee aeries enti&res convei^ntea on divergentea et 

lee fractiona continues rationelles. Acta Math., vol. 18, pp. 
97-111, 1894. 

(a') Snr la possibility de d6finir uae fonction par une airie 
entigre divergente. Comp. Rend., vol. 116, p. 686, 1898. 
See atso No. 26a, 76. 

II. On Convergence. 
(For a r6sumft of the criteria for the convergence of continued 
fractions with real elements see PanrosBEm's report in the En- 
q/klopadie der vtathematitchm Wieaenechafien, I A S, p. 126, ff.) 
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Sullo Bvolgimento del quozicBte dl due serie ipergeo- 
tnetriche In frazione coDtJnua inSnita, 1868. Qesammelte math- 
ematiache Werke, pp. 400-406. 

18, bit. Wmpitsfcy. Untersuchiing fiber die Entwickelung der mooo- 

dromen nnd monogenen Punctionen durch Rettenbrucbe. Pro- 
gnunm, Fried richs Oymnasium und Realschule, Berlin, 1865. 

This program and the two following memoirs of Thom6 were 
pnbliB^ed before BiemaoD'a posthumous fragment. 

19. Tbomi. (a) Ueber die Eettenbrucbentwickelung der OauBs'schen 

FunotloD F(a, 1, T, z). Jour, fljr Uatli., vol. 66, pp. S23-S86, 
1866. 
(&) ITeber die Kettenbruchentwickeluug des Gausa'schen Qoo- 
tienten 

JX», 0, r, ') ' 

Ibid., vol. 67, pp. 299-S09, 1867. 
H). Lapiene. Bur I'integrale 

Ball, de la Soc. Hath, de France, vol. 7, pp. 72-81, 1879, or 
Oeuvres, vol. 1, p. 428. 

Hisloricallf an important memoir because of Ite development 
of the connectjon between a divergent power series and con- 
vei^nt continued fraction. See the first footnote in lecture 4 ; 
also No. 102, p. 80. 
il, EalptiMi. (a) Hur la convergence d'nne fraction coatinne alg^ 
brique. Comp. Bend., vol. 100(1886), pp. 1451-1454. 
(6) Same subject. Ibid., vol. 106 (1888), pp. 1826-1829. 
(c) Traits des fonctiona elliptiquee. Chap. 14. Fractions con- 
tinues et int^^ales pseudo-elliptiqueB. 
!2. Flncherle. Alcuni teoremi sulle frazionl continue. Atti delle B, 
Accad. dei Uncei, ser. 4, vol. 6„ pp. 640-648, 1889. 

The test for convergence given here is included in a more 
general criterion given later b; Pringsheim, No. 29. 
!8. PIndMrie. Sur lea fractions continues algfibriques. Ann. de I'Ec. 
Nor., ser. 8, vol. 6, pp. 146-152, 1889. 

An incomplete result is here obtained. See No. 82c fortJie 
complete theorem, 
14. Padi. Sur la convergence dee fractions continues simples. Comp. 
Bend., vol. 112, p. 988, 1891. Also found In §§ 45-47 of No. 16a. 
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25. miming. Ueber Eugel- und Cylinderf^nktionen und deren Ket- 

tenbruchentwickelung. Dissertation, Bonn, 1894, pp. 1-38. 

26. StidQes. (a) Recherches aur les fractions continues. Annales de 

Toulouse, vol. 8, J, pp. 1-122, and vol. 9, A, pp. 1-47. 1864-96. 
Published also in vol. 82 of the M^moires prSsent^s fl I'Acad, 
deB Bciencee de I'Inetitut National de France. 

A rich memoir, developing particularly the conaectlon 
between an important class of continued fh^ctions and the cor- 
responding integrals. 

(a') Bur un d^veloppemeat eu ft-action continue. Comp. 
Rend., vol. 90, p. 608, 1884. 

(a") Same subject. Ibid., vol. 108 (1889), p. 1297. 

(a'") 8ur une application dee fhtctiona continues. Ibid. , vol. 
118 (1894), p. 1815. 

(a") Recherches sur les fhicUons continues. Ibid., vol. 118 
(1894), p. 1401. 
IIuIedII. (b) Note sur les fractions continaes. Bnll. de I'Acsd. 
imp. dee sciences de St. Fet«Tsbourg, ser. 5, vol. 2, pp. 9-18, 
1895. 

This gives a discussion of the relation of bis work to that of 
Btiel^es. 

27. E. von Koch, (a) Sur un th£or6ine de SH^ee et sur les fonctious 

d4finie8 par des ft»ctions oontinuee. Bull, de la Boc. Math, de 
France, vol. 23, pp. 8&-40, 1895. 

(a') Sur la convergence des determinants d'ordre inflni et dea 
fhictiotiB continues. Comp. Rend., vol. 120, p. 144, 1895. 
38. Ifarkoff. Deux demonstrations de la convergence de certaines frac- 
tiouB continues. Acta Uath., vol. 19, pp. 98-104, 1895. 

Contained also in his Difierenzenrechnung (deutsche Ueber- 
setzung), cfaap. 7, § 21-22. 

This discussee the convergence of the usual continued frac- 
tion for 

^ /(y)dy 



r. 



when /(y) > between the limits of lat^ration. 
29. Pringshdm. Ueber die Convergenz unendlicher Kettenbruche. 
Bitznngsbericbte der math.-phys. Classe der k. bayer'schen 
Akad. der Wissenscbaften, vol. 28, pp. 295-S24, 1898. 

The most oomprebeuBlve criteria for convergence yet obttdned 
are found in 29, 81, and 82b. 
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80. BMMotti. SulU oonvergeozft delle frarioni continue algebriche. 
Atti d«lla R. Accw). dei Llnoei, aer. 6, vol. 8„ pp. 28-83, 1890. 

SI. Vut ViKk. On the convergence of oouttnued ft«ctionB with com- 
plex elementB. TnuiB. Amer. WMi. Soc., vol. 2, pp. 215-233, 
1901. 

82. Van VIeck. (a) On the convergence of the continued fraction of 

OauH and oth«r continued ftacUons. Ann&b of Uath., Ber. 2, 
vol. 8, pp. 1-18, IBOl. 

(b) On the convergence and character of the continued fraction 

a,z a^ a^ 

T"+"r+ !"+•■• 

TranB. Amer. Hath. Soc., vol. 2, pp. 476-488, IWt. 

(c) On the convergenoe of algebraic oontinoed fractlona whose 
coefficients have limiting values. Ibid., vol. 6, pp. 268-262, 
1904. 

83. XantiMu. (a) Bur lee fractions continuee algAbriquee. Bull, de 

la Soc. Math, de Franoe, vol. SO, pp. 28-36, 1902. 
The oont«Dt of thia memoir waa dlscusBed in Iectar« 6. 
{b) Same Utle. Comp. Bend., vol. 134 (1902), p. 1489. 
Set aito 37a', 41. 

m. Oh YAKioro CoMTUfUXD Fkaotioits or Spbcul Foeic. 
A. Tk« CmUitMd FncOoK of Gwa. 

84. Gann. Disquialtlonca generalea drca seriem isfinitam 

^l-y ^ 1-2KX + 1) ^ 
Deutsche TJeberaetcung von Simon, or Werkc, vol. 3, pp. 184- 
188, 1812. 
S4, hit. Voiaadman de H«(t. Specimen inaugurale de fractloDiboB oon- 
tinuiB. Dissertation, Utrecht, 1833. 

Numerous references are given here to the early literature 
upon continued fractions. 
84, ter. Hdae. Ausmg eines Schreibens iiber Kettenbrfiche von Herm 
E. Heine ao den Herausgeber. Jour. f6r Math., vol. 68, pp. 
284-286, 1867. 
5M atoo 40c, p. 231. 
86. Bnla. (a) Gommentatio in fractioncm contlnnam in qua lllustria 
Lagrangt potestatea biuomlalea expressit. M^moiree de 1' Aoad. 
imp. dea sdences de St. P6tersbourg, vol. 6, pp. 8-11, 1818. 
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P«dB. (b) Sur la gto^rallaation deB diveloppements en fhictions 
continues, donnas par Oausa et par Euler, de la fbnctioD 
(1 + ar)-. Comp. Rend., vol. 129, p, 753, 1899. 

(e) 8ur la generalisation des dfiveloppemente en fractions oontin- 
nes, donn^ par Lagrax^gt de la fonction (1 + x)**. Ibid., vol. 
129, p. 875, 1899. 

((I) Bur I'sxpreasion gfinirale de la fraction rationnelle approchfie 
de (1 + *)-. Ibid., vol. 182, p. 754, 1901. 
8m tUao Nos. 11, 82a, 66. 



B. The Continiied Fraetwnt for e*. 

86. Windder. Ueber angenaherte Beatimmungen. Wiener Berichte, 

Matli.-natnrw, Claase, vol. 72, pp. 646^52, 1876. 

87. Pad*, (a) M^moire eur lea dfiveloppementa en fractions oontinaea 

de la fonction ezponentielle, pouvant servir d' introduction k la 
thforie des fhuiUons continues alg£bri(|uee. Ann. de I'Eo. 
Nor., Ser. 8, vol. 16, pp. 896-426, 1809. 
(oQ Snr la coiiveii;ence des rMuitea de la fonction exponentielle. 
Comp. Bend., vol. 127, p. 444, 1896. 
^ obo Nos. 16a'', 106, and pages 248-^ of 40c. 



C. The Continued Fradion of Betiel. 

88. Ottnthar. Bemei^nngen iiber Cylinder-Fonctionen. Arcbiv der 

Matb. and Phys., vol. 56, pp. 292-297, 1874. 
S9. Onf. (a) Relatione entre la fonction Bess^lienne de 1" espice et 
use fraction continue. AnnalidlMat.,ser. 2, vol. 28, pp. 45-65, 
1896. 

Giving references to earlier vorks vhere tbe oonUnned frac- 
tion of Besael is found. 
Cidter. (&) Sur quelquee propri6t^ dee fonctioos Beas61ienDes, 
tiroes de la tbforie des fractions continues. Annali di Mat., 
vol. 24, pp. 181-163, 1696. 
See alto Nos. 25, 82a. 



D. The (kmtiwaed FracUan of HHne. 
(a) Ueber die Beihe 
, (q--l)(^-l) , , (g--l) (?- + ■- I Xg'-lXg' + '-l) , 
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Jour, far HaU)., vol. S2, pp. 210-212, 1846. 
(&) UntenuchuDg uber die (Hlbe) Belhe. Ibid., vol. 84, pp. 886- 

828, 1847. 
(e) Ueber die Zihler and Neoner der Nahenmgswerthe von Ket- 

tonbriiohe. Ibid., vol. 57, pp. 381-347, 1860. 
Chriatoflal (d) Zur AbhAndlnng "Ueber Zfthler und Nenner" 

(u. B. w.) des vorigen Bftodcs. Ibid., vol. 56, pp. 90-91, 1861. 

41. ThomM. Beltrage cur Thooria der durch die Heine'sche Beihe 

dantollbufln Funklionen. Jonr. fSr Mkth., vol. 70, 186S. See 
pp. 278-281 where the convergence of Heine's oontlnned frac- 
tion Is proved. 
Seealao82a. 

42. (On HuengUin'* continued fhtotions). 

H«ine. (a) Verwandlung von Beihen in Kettenbruche. Joor. fiir 
Blath., vol. 82, pp. 206-209, 1846. 
Bee also vol. 84, p. 296. 
MbIt. (() On Elaeiwttio'a oootinued fractions. Trans. B07. Soc. 
of Edinborgh, vol. 28, part 1, pp. 186-148, 1677. 

Huir plainly was not aware of the preceding memoir by 
Heine. 

E. The ContxMud FnusUm ofStMijei. {See No. S6.) 
48. Bom. Les series de BtieHjea, Chap. 6 of his H^moire snr lea 
sMeadivergentes. Ann. del'Ec. Nor., ser. 8, vol. L6, pp. 107- 
128 ; and also chap. 2 of his treatise, Lee S4ric« divergeotes, 
pp. 55-86, 1901. 

44. Padi. Sur la fraction oontinaedfl^StJettJM. Comp. Kend., vol. 182, 

p. 911, 1901. 

45. TsB Vl«Ck. On an extennon of the 1894 memoir of SIM^m. 

Trans. Amer. Hath. Soc., vol. 4, pp. 297-882, 1908. 
Ste alM Nob. 27, 102. 

J^, l%e Continued Fraction for 
1 + »w + m(» + nK + «(»» + «)(« + 2»K +■ ■ 
ami its ^>eeial CMee. 

46. Snler. (a) De seriebus divergeotibus. Novi commentarli Acad. 

sdentiarum imperialis Fetropolitann, vol. 5, pp. 205-287, 1754- 
6 ; In particalar pp. 226 and 232-237. 
(6) De transformatione seriei divergentis 

1 - »w + «(»i + n)*" - »»(«» + n) (« 4- Sw)** + ■ ■ ■ 
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in fraotionem ooattnnam. Nova acta Acad, scientiarum im- 
perialis Petropolitanse, vol. 2, pp. 86-46, 17S4. 
Ooffoiaa. (o) Recherchw sur les fractious continues. Oergonne's 
Annales de Uath., vol. 9, pp. 261-270, 1818. 

47. Laplace, (a) Trait6 de mecanique celeste. Oeuvree, vol. 4, pp. 

264-257, 1805. 

/"• -«• 

Jacobl. (b) De fVactione continua in quam integrale \ e dx 

evolvere licet. Jour, f&r Hath., vol. 12, pp. 846-847, 1834, or 
Werke, vol. 6, p. 76. 

See also p. 79 of No. 20, and the first note under lecture 2. 

&, Periodic Continued Fraetioni, ajid Continued J^Vtutums Conrieeted tpUA 
the Theory of JUliptic i'uncttom. 

48. Abel, (a) Sur I'int^gration de la formule difi%rentielle pdxIVR, B 

et p 6tant des fonctJons enti^ree. Jour, fiir Uath., vol. 1, pp. 
1S5-221, 1826, or OeuvraB, vol 1, p. 104 tt. 
Oobnia. (6) Sur le d^veloppement de /Jt en fraction continue. 
Nouvelles Ann. de Uatb., eer. 8, vol. 10, pp. 134-140, 1891. 

49. Jacobi. (a) Note eur nne nouvelle application de I'analyae dee 

. fonctioDB elliptiquee it I'alg^bre. Jour, fQr Math., vol. 7, pp. 

41-43, 18S1, or Werke, vol. 1, p. 827. 
Borchardt. (b) Applicadon des tntnscendantes ab£liennes & la 

th6orie des fractions continues. Ibid., vol. 48, pp. 69-104, 1864. 
GO. TdMbrclwf. Sar I'int^gratlon des diSSrentielleB qui oontienneot 

une racine carrte d'un poly uAme du troi»ime on du quatri&me 

degrd. M^oires de I' Acad. imp. des sciences de St. Peters- 

bourg, ser. 6, vol. 8, pp. 208-232, 18S7. 
51. Frobenlna tind Stlckdliergtr. Ueber die Addition und Multiplication 

der elliptischeu Functionen. Jour, fur Math., vol. 88, pp. 146- 

184, 1880. 

62. Halphen. Surlesint6grales pseudo-elliptiques. Comp. Rend., vol. 

106 (1888), pp. 1268^1270. 

63. Boibdotti. Sulle fhtzioni continue algebricbe periodiche. Bendi* 

QODti del CIrcolo Mat. di Falermo, vol. 9, pp. 186-149, 1895. 
&e obo Nob. 21, 26(a), 40. 

H, Miteellaneous, 

64. Bnltf. (a) Speculationes super formala int^grali 

' V'a' — 26x + as' 



J ^/, 
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nbi simni egragla obMrvaUonu circa AsctionM continoaB occur- 

rent. Acta Aoad. acieatiatam ImperUlis pBtrapolitanae, 1784, 

pan posterior, pp. 62-8i, 1782. 
(6) Sumnutio ftactionli oontiniiB di^ub lodlcee progreaBionem 

aritlimetloam constltuaDt. Opiucala AaslytJca, vol. 2, pp. 317- 

239, 1786. 
SpttiM. (a) Darstellnng des unendlioheu EettonbruchB 

in geschloeeener Form, nebet uidereii Bemerkiugen. AndiiT 
der Hath, and Phys., vol. 80, pp. 81-~82, 18S8. 
(b) Dar«telIuDg dee nDendlichen Kettenbruchs 



*4-l + 



2j! + S + 2x + 5 + 2x + 7 + ' 



ID geechloMsner Form. Ibid., vol. 80, pp. 881-884, 1868. 

(c) Note fiber eine Eettenbrucbe. Ibid., vol. 88, pp. 418-420, 
1869. 

(d) DaiHtellong dee unendlichen Eetteabruchos 

fi;«) = «(2. + l)+-_ 



'^B<a=+8) + f»(ar + 6) + 

in geeohloeseoer Form. Ibid., vol. 8S, pp. 474-476, 1860. 
S6. Latmeot. (a) Note sur lee fraotions continaes. Nonvellea Ann, de 
Hath., Ber. 2, vol. 6, pp. 640-562, 186S. 
Thte treats the cootinned fraction 



B. Hiyar. (6) Ueber eine Elgenschaft dee Kettenbmches 
X — -■■. Archiv der Hath. undPhys., aer. 8, vol. 6, 

X— X— J 1 I I 

p. 287, 1908. 

Meyer's results will be foand on p. 646 of Laurent's meni<HT 
and differB only in that x has been replaced by — l/x". 
. Schiemilch. (a) Ueber den Kettenbruch rar tan z. Zeitachrift tat 
Hath, und Phys., vol. 16, pp. 269-260, 1871. 
Olaisher. (b) A continued &«ction for tan nx. Messenger of 

Math., ser. 2, vol. 8, p. 187, 1874. 
(c) Note OD continued fractions for tan nx. Ibid., ser. 2, vol. 4, 
pp. 66-68, 1876. 
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68. SchUJtnllclL. Ueber die Eettenbrachentwickelung fur anvolist&n- 
dlge Oamina-lbnction. Zeitschrift tar Math, und Pfaya., vol. 
16, pp. 261-262, 1871. 
This gives the developmeot of f (""'«"'(& 

6fi. Scbandd. TTebereineEettenbmcheDtwlckelaDg. Jour, fur Uath., 
vol. 80, pp. 95-96, 1875. 

60. Lcrdi. Note Bur les expressions qui, dans diveteee parties du plan, 

repr^Bentent des fonctiona distjnctes. Bull, des eciences Uath. 
ser. 2, vol. 10, pp. 46-49, 1886. 

61. StlritjM. (a) Surquelquesint^gralesdeOniesetienrd^veloppement 

en ftactJODS continoee. Quar. Jonr. of pure and applied Math., 
vol. 24, pp. 870-882, 1890. 
(b) Note sur quelques ft-actlons conUnues. Ibid., vol. 25, pp. 19S- 
200, 1891. 

62. Hennlta. Sur les polynomee de Legendre. Jour, flir Uath,, vol. 

107, pp. 80-88, 1891. 
This connects i>^>>P<">(x) with a continued fraction. 

TV. On the Connkcttion or Continued Feaotionb with Diffbbxn- 
TiAi, Eqttatiomb and Intbg&aib. 
A. SicetM't Differential Equation, 
68. Eoler. (a) Defractionibuscontinuis observationes. Commentarii 
academie adentianun imperiaiis PetropolitaiuB, vol. 11, see 
pp. 79-81, 1789. 
(b) Analysis &cilis lequationem Riccatlanam per ftactionem oon- 
tinnam reeolvendi. USmolres de P Aoad. imperiale desscieoces 
de Bt. P&tersbourg, vol. 6, pp, 12-29, 1818. 
64, latnnte. Bur I'usage des f^ctiouB ooutinuee dans ie calcul inl^ 
gral. Nouveauz Him. de I'Acad. roy. des sciences et bellea- 
lettree de Berlio, 1776, pp. 286-264, or Oeuvres, vol. 4, p. 801 ff. 
One of the few important early works. 
8m 64b; also No. 66afbr work on differential equatiouB of the 1st order, 

S. MiaceUaneoM Differential Equaliona of the Second Order. 

In a numerous class of continued fhu^ona the denominators 
of the convergents satisfy allied (HMtn,"jr'etcA^n(jiptj;e") differ- 
ential equations of the second order. Early instances are found 
in works of Osuu (No. 114), Jaeobi (No. 66) and Heine (No. 72). 
The theory, fhim two different aspects, is f^irtheat developed In 
66a and 76. 
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65. J«cobL TTnteraachung uber die Differentialgleichuog der hyptof- 
geometriscben Btahe. Nachlaas. Jour, ffir Ufttb., vol. 66, 1869 ; 
see in particular § 8, pp. 160-161, or Werke, vol. 6, p. 184. 

06. LapwRe. (a) Sur la rSdnction en fractions coatiaueB d'une frac- 
tion qui aatisfi^t it ane Equation diOSrentielle lin&tire du pra- 
mier ordre dont lee coefficiente sont rationnels. Jour, de Hatb., 
eer. 4, vol. 1, pp. 186-16S, 1886. 

This ie a comprehenaive memoir whicb incorporatea subetan- 
ttally all the following memoirs : 
(ft) Bur la rMuction en fVactJons continues d'une claaee aaaez 
^ndue de foDctlona. Comp. Rend,, vol. 87 (1878), p. 928, or 
Oenvres, vol. 1, p. 822. 

(c) Same title as (a). Bull, de la 8oc. Hatli. de France, vol. 8 
(1880), pp. 21-27, or Oeuvree, vol. 1, p. 488. 

(d) Sur la rMoction en fraction continue d'one (taction qui satis- 
(hit El ane Equation linMre du premier ordre ik ooeffidentc ration- 
nels. Comp. Bend., vol. 98 (1884), pp. 209-212 or Oeuvree, 
vol. 1, p. 446. 

67. Lagowie. (a) Sur 1' approximation des fonctiona d'une variable 

au moyen de fractions rationnellee. Boll, de la Soc. Uatb. de 
France, vol. 5 (1877), pp. 78-92 or Oeuvree, vol. 1, p. 277. 
(A) Sur le diveloppement en fraction continue de 

Ibid,, vol. 5 (1877), pp. 96-99 or Oeuvres, vol. I, p. 291. 

(c) Bur la foncUon ( ?^ )". 

IWd., vol. 8 (1879), pp. 86-52, or Oeuvres, vol. 1, p. 845. 

(d) Sur la rMnction en fiw^ons continues de e'"'. Fit) disig- 
nant un poljmAme entier. Jour, de Uatb., ser. S, vol. 6 (1880), 
pp. 99-110, or Oeuvres, vol. 1, p. 326. 

(dO Same subject. Comp. Rend., vol. 87 (1878), p. 820, or Oeuvree, 
vol. I, p. 818. 

68. Hnmbfft. Sar la reduction en factions continues d'une claeee de 

bnctions. Bull, de la Soc. Matb. de France, vol. 8, pp. 182- 
187, 1879-1880. 

69. Homlte rt Fndis. Sur un dSveloppement en fraction continue. 

Acta Uatb., vol. 4, pp. 89-92, 1884. 
See Qlto No. 20, 84 ter, 71-76. 
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C. Differential Equations of Order High^ than the Second. 
70. Plnclufle. Snr la g^n^ratjon de syst^meB recurrenta au moyen 
d'uoe Equation lin^ain differentielle. Acta Math., vol. 16, pp. 
841-363, 1892-8. 
See atao No. IS, 86, 87, 124i. 



D. TU inUgral C^^^ ■ 



71. Heine, (a) Ueber Eetteobruche. MonatBberichte der k. preusai- 

schen Akad. der WiBSensohaften zu Berlin, 1866, pp. 436-461. 
(a'^ Uittheilaog uber Eettenbruche. Aaeziig aus dem Monatsbe- 
richte, u. s. w. Jour, fur Math., vol. 67, pp. 816-S2iS, 1867. 
£m al»o Nos. 12, 26a, 28, 46, 102, 118, 118a. 

E, HypereUiptic and Similar Abelian Iwlegrala. 

72. Heine. Die lAmS'scbea Functionen verschledener Ordnnngen. 

Jour, fat Math., vol. 60, 1862, pp. 262-803 ; in particular pp. 

256, 275, 294-297. Or see his Handbucb, vol. 1 (2'* Anf.), pp. 

888-896 and 468. 
78. Leenene. Sur 1' approximation d'one claaae de tranMendaDt«8 qui 

comprennent comme can partJculier lea int^gndee hyperellip^ 

tiquea. Oomp. Bend., vol. 84, pp. 643-646, 1877. 
(Not found in vol. 1. of bia Oeuvres.) 
74. Hnmbeit. Sur I'^qu&tion difi^rentielle lin^aire du second ordre, 

Joor. de I'Ec. Polytech., vol. 29, cahier 48, pp. 207-220, 1880. 
76. Hean, (a) Die Kugelflinctionen tmd Lam^'acben Functionen ala 

Determinanten. Disaertatton, pp. 1-82, OotUngen, 1881. 
(() Ueber lioeare Differentialgleictaungen zweiter Ordnuog deren 

Losungen durch den Kettenbruchalgorithmus verknapft tdnd. 

Habililationaachrift. 1881. 

(c) Integration regalarer linearer DiSbrentiatgleiohungen zweiter 
Ordnung durch die Eettenbmchentwickelusg von ganzen Abel'- 
schen Integralen dritter Oattong. Uatfa. Ann., vol. 80, pp. 
553-660, 1887. 

(d) Beitrage zur Theorie der Lami'achea Functionen. Hath, 
Ann., vol. S3, pp. 180-196, 1889. 

The important gronp-propertiee of the continued fraction are 
here brought oat and are further developed in No. 76. 
76. Tan Tleck. Zur Eetteabruchentwickelung hyperelliptiecher und 
ahnlioher Integrate. Dissertation, Oottingen ; published in the 
Amer. Jour, of Math., vol. 16 (1894), pp. 1-91. 
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After development flrat from bd algebraic standpoint the eub- 
ject is carried ftirther by the method of conformal repreeentatjon. 
The BUg^eUon of this treatment b given in KUin'a Differeu- 
tislgleichungeD, 1890-91, vol. 1, pp. 180-186. 

V. Oeneralization or the Algebraic Continued Fraction. 
A. General Theory, 
So far as I have been able to ascertain, the flrat inBtauc« of the 
genemlization is coDtained in Hermite''a memoir, No. 84. The 
development of a general theory is due to fade and PiiKherle. 
Nos. 77a, 776, and 7&a are especially recommended. 

77. Pindwile. (_a) Saggio di una generalliszazione delle frazioni con- 

tinue algebriche. Memoirie della R. Accad. delle Scienze dell' 

Istituto di Bologna, ser. 4, vol. 10, p. 61S-638, 1890. 
(a') Di un'eeteosione dell' algorithmo delle fhiriooi continue. 

Rendicontl, B. letituto Lomb&rdo di Scienze e Lettere, ser. 2, 

vol. 22, pp. 555-558, 1889. 
(b) Sulla general izzazione delle fVazioni continue algebrique. An- 

nali di Mat., ser. 2, vol. 19, pp. 75-95, 1691. 

78. HemiUe. Bur la g6n6raliaation des fractions continues atg^briquee. 

Anoali di Mat., ser. 2, vol. 21, pp. 289-308', 1893. 

79. Padt. (a) Sur la g^ngralisatJon des fractions continues a1g6- 

briques. Jour, de Math., ser. 4, vol. 10, pp. 291-329, 1894. 
(aO Same subject. Comp. Rend., vol. 118, p. 848, 1894. 

80. BtstolottL ITn contribute alia teoria delle forme lineari alle dlfler- 

enze. Aunali di Mat., ser. 2, vol. 23, pp. 309^44, 1896. 
31, Cordone. Sopra un problema i\iiidamentale delle teoria delle fra- 
zioni contiaue algebriche generalizzate. Rendiconti del Circolo 
di Palermo, vol. 12, pp. 240-257, 1898. 

Cordone seeks the regular algorithms which are similar to 
those of Pad6 but occur in connection with n series in descend- 
ing powers of x, 

B. Convergence o/ the Generaliaed Algorithm. 
83. Pindiede. Contributo alia generalizzazione delle frazioui continue. 

Memoirie della R. Accad. delle Scienze dell' Istituto di Bologna, 

ser. 5, vol. 4, pp. 297-820, 1894. 
88. W. Fionz Hcyer. (a) Ueber kettenbruchahnlicben Algorithmen. 

Veriiand. des ersten intern ationalen Mathematiker-KongreHses 

in Zurich, pp. 168-181, 1898 ; see in particular § 7. 
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(a') Zur Theorie der kettcnbruchahnlioben Algorithm«D. Schrif- 
tea der phys-okonomischen GesellBch&ft zu Koaigsberg, vol. 
88, pp. 57-66, 1897. 

C. Special Cases of Ihe AlgorUhtn. 
84. Harmlto. SurlafonctionexponeDtielle. Comp. Rend., vol. 77, pp. 
18-24, 74-79, 226-233, 285-298, 1873. 
This is the famous work proving the transcendence of e. 
86. Hermlto. (a) Bur Tezpressioa E/Binx+rcos^+T. Eztrait 
d'une lettre i lUonsieur Paul Gordan. Jour, fur Math., vol. 
76, pp. 303-311, 1873. 
(b) Bur quelques approximations algSbriques. Ibid., vol. 76, pp. 

842-344, 1873. 
(o) Bur quelques ^uations difiSrentielles lio^res. Extrut d'une 
lettre & U. L. Fuchs de Gottingue. Ibid., vol. 79, pp. 824.-338, 
1875. 

86. Lagnen*. Surla fonctionezponentielle. Bul1.delaSoc.Matb.de 

France, vol. 8 (1880), pp. 11-18, or Oeuvres, vol. 1, p. 336. 

87. Hnmbwt. (a) Bur une g^a^ralisatlon de la tbtorie des frscUons 

continues a1g6briques. Bull, de la Boc, Math, de France, vol. 
8, pp. 191-196 ; vol. 9, pp. 24-80, 1879-1881. 
(6) Sur la fonction (x — 1)*. Ibid., vol. 9, pp. 56-58, 1880-81. 

88. PinchMle. Sulla rappresentarione approssimata di uua Ainzione 

mediante irrszionali quadratic!. Rendiconti, R. Istituto Lorn- 
bardo di Scienze e Lettere, ser. 2, vol. 23, pp. 873-876, 1890. 

89. Plodierte. (a) Una nuova eatensione delle flinzioni sferiche. 

Memolrie della R. Accad. delle Scienze dell'I^titutodi Bologna, 
ser. 5, vol. 1, pp. 337-370, 1890. 
(a') Sulla generalizzazione delle fuazioni sferiche. Bologna Ben- 

dioonti, 1891-92, pp. 31-84. 
' (ft) Un sistema d'integrali ellittici coasiderati come funzioni 
dell'invariante assoluto. Atti della R. Accad. dei Liaoel, ser, 
4, vol. 7„ pp. 74-80, 1891. 

90. Bortolottl. (a) Sui sistemi ricorrenti del 3° ordine ed in particolare 

Bui sistemi periodici. Rendicontl del Circolo di Palermo, vol. 6, 
pp. 129-151, 1891. 
{b) Sulla generalizzazione delle frauoni continue algebriche peri- 
odiche. Ibid,, vol. 6, pp. 1-13, 1892. 

VI. SerUa of PolynmiiiaU (NdAerungmenner). 
The series 



= i;(2n + l)(2'-M>'lP"(") 
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WW Bret given by HeiM la Crelle's Jotir., vol. 42 (1851), p. 72. 
8m Also his Handbuch, vol. 1, pp. 78-79, 197-200. Among 
the numeroiu works relating to expansions in terms of Kugd- 
fwnetvmen enter wnd tweUer Oattttng may be mentioned : 

91. Banir. Von den Coefflcienten der Reihen von Kugeinmctionen 

einer V&rublen. Jour, fur Uath., vol. 56, pp. 101-121, 1859. 

92. C. 0. Kmnunn. Ueber die Entwickelung einer Function mit imag- 

inarem Argumente nach den Kugelfluctionen «reter und zwdter 

Oftttung, Halle, 1862. 
98. Tkomfe. Ueber die Reihen welche nach Kugetfunctionen fort- 

■chreit«n. Jour, f&r Sfath., vol. 66, pp. 887-843, 1866. 
94. lADToit. H6moire sur lea fonctions de L^;«ndre. Jour, de Math. , 

■er. 8, vol. 1, pp. 378-398, 1876. 

See the comments by H^ne in vol. 2, pp. 155-167, also bjr 

Darboux and lAureDt in the same vol., pp. S40, 420. 



8 memoirs relate to series Id terms of the polynom- 
lals arising fhim the expansloD of (1 — Sax + a')'- It suffices 
here to refer to the Enoyklopidie der Math. Wfssenschanen, 
I A 10, §31. 

96. Frobanitu. Ueber die Entwicklung analytischer Functionen in 
Reihen, die nach gegebenen Functionen fbrtachreiten. Jour, 
ffir Hath., vol. 78, pp. 1-30, 1871. 
An interesting memoir. 

96. Daibonz. Sur 1' approximation dee fonctioos de trte-gr«oda nom- 

bree et sur uae classe 6teudue de d^veloppements en a^rie, Fart 
2. Jour, de Math., ser. 3, vol. 4, pp. 377-416, 1878. 

97. OsfanbiMC Ueber Eettenbriiche. Wiener Berichte, vol. 80, Abth. 

2, pp. 763-775, 1880. 

98. Poincari. (a) Sur les 6quations lingaires aux diffSrentielles ordl- 

naires et aux difi%rences flnies. Amer. Jour, of Math., vol. 7, 
pp. 248-267, 1885. 

This gives an important criterion fortheconvergence of series 
of polynomials. See lecture 4. 
(a') Sur les sfiriea des polynomes, Comp. Bend., vol. 56, p, 637, 
1883. 

99. On the series lA,{x - ffl,)(* - n,) - - . (r — a,). 

A series of this form is employed in Hgwton's interpolation 
formula, Phito8opfai» naturalis principia, book S, lemma V. 
See the Encykloi^ie der Matb. Wissenschaften, I D 3, § 3. A 
eimilar art: is made by 
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Canch;. (a) Sur les fbnotioiis Interpol airea. Comp. Rend., vol. 
11, pp. 775-789, 1841. 
See next No. 95. 

Peono. (() Sulle Aindoni interpolari. Atti delU R. Accad. delle 

Scienze di Torino, vol. 18, pp. 573-580, 1883. 
BandlxMo. (c) Sur une extearion & I'infinl de la formule d'inter- 

pol&tion de Gauss. Acta Math., vol. 9, pp. 1-34, 1886. 
{c') Sur U formule d' interpolation de Lagrange. Comp. Rend., 

vol. 101 (1885), pp. 1050-1058 and 1129-U31 , 
Flnclmle. (d) Su11'int«rpolazIone. MemoiriedellaR. Accad. delle 
Scienze di Bologna, aar. 5, vol, 8, pp. 293-318. 

(See a "note blBtorique" by KoMtrlim, Comp. R«nd., vol. 
103, p. 523, 1886). 
See also No. 103. 

100. Pinchsile, Sur 1e dSveloppement d'une fonction analytique en 

B^rie de polynomes. Comp. Send., vol. 107, p. 986, 1888. 

101. Pincheile. R^nm6 de quelques r6aultat9 reUti& i. U th4orie dee 

Bystimes recuirente de fonotions. Mathematical Papers, Chi- 
cago Congresa, 1893, pp. 278-287. 

102. Bltunantlul. Ueber die Entwiokelung ^ner willkiirllchen Funk- 

tion nach den Nennem dee Kettenbruchea Air 



r f^^^.. 



IMsaertation, Qottingen, 1898. ' 

The most advanced development of this subject is fouud in 
the work of Blvmenthal and Pineherle. 

103, Lanmt. Sur les series de polynomes. Jour, de Math., ser. 5, 

vol. 8, pp. S09-S28, 1902. 

104, StekloS. Sur le d^veloppement d'nne fonction don^ en sSriea 

proc^dant euivant les polynomea do Tcb^biuheB* et, en particul- 
ier, auivaut les polynomes de Jacobi. Jour, fur Math., vol. 
125, pp. 207-286, 1908. 

See alto Nos. 20, 70, 71. 

104 bit, ReniAi. M^moire aur le d^veloppement dee fonctiona en aeries 
ordenn^es auivant lea dgnominateure des rgduites d'une frac- 
tion continue. Jour, de I'Ec Pulytfcb., cahier 37, pp. 1-34. 

This memuir has a cloae connection with the work of Tcheby- 
chef. 

VII. On the RooU of the Numenttort and DenominaUtra of the Convergentt. 

105, SylTcster. (a) On a remarkable modification of Sturm's theorem. 

Phil. Mag., ser. 4, vol, 5, pp. 446-456, 1853. 
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(b) Not« on a ramarkftble modiScation of Sturm's theorem and on 

a new rule for flndiag superior and inferior limits to the roots of 

an equation. Ibid., vol. 6, pp. 14-20, 1S53. 
(e) On a new rule for fiading superior and inferior limits to the 

r«al roots of any algebraic equation. Ibid., vol. 6, pp. 1S8-140, 

1658. 
(d) Note OD the new rule of limits. Ibid., vol. 6, pp. 210-213, 

1853. 
(«) On a theorr of the ayzygetic ralations of two rational integral 

functions, comprising an applicaUon to the theory of Sturm's 

Ainctions, and that of the greatest algebraic common measure. 

Phil. Tnuu., 1868 ; see in particular p. 496 ff. 
</) Thtordmesnrlealimitesdes racinee t-Mles dee ^quationa aJg^ 

briques. Nouvelles Ann. de Math., ser. 1, vol. 12, pp. 286-287, 

1863. 
iff) Pour troDver ane limite snp^rieure et une limite infgrieure des 

raciDcerfellesd'ane Equation quelconqae. Ibid,, ser. 1, vol. 13, 

pp. 829-886, 18'>S. 
106. L^giMm. Sur quelques propriit^ dee ^nations algfibriquee qui 

ont toutes les racines r^elles. Nonvelles Ann. de Math., ser. S, 

vol. 19 (1880), pp. 224-289, or Oeuvres, vol. 1, pp. 113-118. 
L^guerre oonriders here the roots of the numerators and de- 

Domlaatore of the approximante fotf{x) and \lf{x)wbeaf{x) is a 

polynomial with real roots, 

107. OtfMibaiieT. (a) Ueber algebraJsche Oleichnngen welche nur reels 

Wurzeln besitzen. Wiener Berlchte, vol. 84 (1882), Abt. a, 
see in particular pp. 1106-1107. 
(ft) Ueber algebraische Oleichungen welche eine bestimmte Au- 
lahl complezer Wulzeln besitzen. Ibid, vol. 87, pp. 264-270, 
1883. 

108. lUifcolt. Bur lee racines de certaines 6qaatJons. Math. Ann., 

vol. 27, pp. 143-160, 1886. 
lOSfttf. Hnrwits. Ueber die Nullstellen der Beaserschen Function. 
Hath. Ann., vol. 8S, pp. 246-266, 1889. 

Altbongh the Ainclions considered in this memoir are of a 
special character, the memoir Is menUoned here on account of 
tbe methods employed, 

109. P«rt«i. On the roots of fiinctiooB connected by a linear recurront 

relation of the second order. Anaals of Math., ser. 2, vol. 8, 
pp. 55-70, 1902. ■ 
See aUo Nos. 20, 26a, 31, 32a, 46, 66, 71, 74, 76, 67a, 1 18a. 
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Vni. Approximation to a Fuitetitm at More Than One Point. Connedion 
of Cvtdinued FrtKtiong vitk the Theory of Interpotation, 
Under No. 99 have been already claseified various works 
which relate to aimnltaneous &pprosimation at several pojota. 
Id addition, the following memoire may also be consulted: 

110. Canchy. Sur la formule de Lagrange relativ & interpolation. 

Analyse Alg., p. S38, or Oeuvres, ser. 2, vol. S, pp. 429~48S. 

111. Jscobl. Ueber die Darstellung eine Reihe gegebner Wertbe durch 

eine gebrochene rationale Function. Jour, fiir Uath., vol. 80, 
pp. 127-156, 1848, or Werke, vol. 3, p. 479. 

112. Fadi, Sur 1' extension des propri6t^ dee r6duite« d'nne fonction 

aux fractions d' interpolation de Cauchy. Comp. Rend., vol. 
130, p. 697, 1900. 
3ee aUo Nos. 96, 99. 



For general works npon interpolation which bring out the 
relation of the subject to continued fractions, see Heine's 
Handbuch der Eugelfiinctioneii, vol. 2, and Markofl's Dlffer- 
enzenrechuung (deutache Uebersetzung), chap. 1, 6, 7 ; also the 
following memoir : 
lis. PosM. Sur quelques applications des fhictionis continues alg4- 
briques. Pp. 1-175, 1886. 

114. OanM. Methodus nova integrallum valores per approximationem 

inveniendi. Werke, vol. 3, pp. 166-196, 1816. 

115. ChilatolM. Ueber die Oaussische Quadratur und eine Verallge- 

meiDening dereelben. Jour, fur Math., vol. 65, pp. 61-S2, 1S66. 
llff. Mahler. BemerkungenxurTheorledermecbanischenQuadratuTeD. 
Ibid., vol. 68, pp. 162-157, 1864. 

117. Poase. Sur les quadratures. Nouvellea Ann. de Hath., ser. 2, 

vol. 14, pp. 49-62, 1876. 

118. StielQea. (a) Quelques recbercbea sur la tb^rie des quadrataree 

dites m^caniquee. Ann. de I'Ec. Nor., ser. 3, vol. 1, pp. 409- 
426, 1884. 
We find here the origin of bis notable 1894 memoir, No. 26a. 
(a') Sur I'^valuatlon approch^ des int^alee. Comp. Rend., 
vol. 97, pp. 740 and 798, 1883. 



(6) Note sur 1' int6grale f*f[x)a[x)dx. 



Nouv. Ann. de Math., sen 8, vol. 7, pp. 161-171, 1888. 
■aifcofl. Sur la m^tbode de Gauss pour le calcul approchd dee in- 
t^grales. Math. Ann., vol. 26, pp. 427-4S2, 1886. 
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120. ItiidiKlc. Bu alcuoe foime approesimale per la rappreBenUzione 

di ftiadoni. If emoirie della R. Accad. delle Bdeaze dell'Iatitato 
di Bologna, 8«r. 4, vol. 10, pp. 77-88, 1889. 

121. TchabyAaf. A brief sketch of the memoirs below will be foand on 

pp. 17-20 of FatiUief't memoir on "F. L. Tchebycbef et bod 

oeuvre suentifique," 
(a) SurleB ftictions contlnueB. Jour, de Math., ser. 2, vol. 8, pp. 

289-423, 1868, or Oeuvras, vol. 1, p. 20S-230. 
(() Bur une formule d'analyae. Bull. Ffays. Matb. de I'Acad. des 

Bciencee de Bt. P^t«rebourg, vol. 18, pp. 210-211, 1854, orOeuv- 

ree, vol. 1, pp. 701-702, 
(e) Bur une nouvelle a^rie. Ibid., vol. 17, pp. 267-261, 1868, or 

Oeuvres, vol. 1, pp. 381-884. 
(d) Sur l'iot«rpolatioD par la m^thode dee moindrea carr£s. H6m. 

de I'Acad. des Bciences de Bt. P^tersboui^, ser. 7, vol. 1, jip, 

1-24, 1869, or Oeuvres, vol. 1, pp. 473-498. 
(a) Sur le d^veloppement dea fonctJonB k une Mule variable. Bull. 

de I'Acad, imp. des sciences de Bt. Pitereboui^, ser. 7, vol. 1, 

pp. 194-199, 1860, or Oeuvres, vol. 1, pp. 601-508. 

IX. MiSCEUANEOUS, 

122. TchabTclief. (a) Bur lea ftvctions contiDues alg^briques. Jour, de 

Math., ser. 2, vol. 10, pp. 858-866, 1865, or Oeuvres, vol. 1, pp. 
611-614. 
(&} Sur le d^veloppement dee fonctioue en series i I'aide des frac- 
tioDB continues, 1866. Oeuvres, vol. 1, pp. 617-486. 

(c) Sur lea expreesions approch^B, Unbares par rapport a deux 
polynomea. Bull, des Bciencea Malh. et Astron., ser. 2, vol. 1, 
pp. 289, 382; 1S77. 

Hamiite. {d) Sur une extension donu£e & la thforie des fractions 
contJnuee par M. Tchebjchef. Jour. fGr Math., vol. 88, pp. 
12-18, 1880. 
128. Tchebjdief. (a) Sur lea valeurs limit«B des int^grales. Jour, de 
Math., Ber. 2, vol. 19, pp. 167-160, 1874. 

{b) Bur la representation des valeurs limitea des int^grales par dea' 
residua integraux (1886). Acta. Hath. vol. 9, pp. 85-66, 1887. 

MarkoS. (c) Demonstration de certainea fn£ga1it4s de M. Tcheby- 
cbef. Math. Ann., vol. 24, pp. 172-178, 1884. 

(d) Nouvelles applicationB des fractions continues. Math. Ann., 
vol. 47, pp. 67»-597, 1896. 

124, L^iMtra. (o) Sur lo dtveloppement de (x — «)■ suivant lea puis- 
sances de («* — 1). Comp. Rend., vol. 86 (1878), p. 956, or 
Oeuvres, vol. 1, p. 816. 
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(() Snr le d6veloppem«Dt d'une fonctlon soivant les puisauiceB 

d'one polynome. Jour, tar Hath., vol. S8 (1880) ; in particalar, 

p. 87, or OenVTOfl, vol. 1, p. 298. 
(«) Same eubjact. Comp. Bend., vol. 86, (1878) p. 888, or OeaT- 

res, vol. 1, p. 295. 
{d) Sor quelquea thtoiimee de U. Henuito. Extrait d'uoe lettre 

addreeste & J£. Borcfaardt. Jour, fur Math., vol. 89 (1880), pp. 

840-S42, or GenvreB, vol. 1, p. 860. 

126. SrlvMtM. Frauve que v ne peut pae 6tre radne d'nne Equation 

alg4brique k coefficiente entlers. Comp. Rend., vol. Ill, pp. 
866-871, 1890. 

A ftmdamental error in the proof has been pointed oat by 
Markoff. See p. 886 ofvol. 80 of the Fortschritte der Math. 
1S6. 0«fMilMut. Ueber die N&herungBnenner regularer Kettenbruche. 
Monatabefte fur Math, und Phys., vol. 6, pp. 209-219, 1895, 

127. BortidoRi. Sulla rappreaentarione appnwsimata di fbnzioni alge- 

briche per mezzo di fUndoni razionale. Atti della R. Ac«ad. 
dei UacKi, ser. K, vol, 1„ pp. 57-64, 1899. 

Addbhduh to I a. 

128. BaltT. De baotiouibus contlnois diseertatio. Comment, Petrop., 

vol. 9, p. 129 ff., 1787, 
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